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LEBANESE UNIVERSITY .
FACULTY OF ENGINEERING REAY R 4
Entrance Exam 2005 -2006 Mathematics Duration : 3 hours
16/07/2005
The distribution of grades is over 25
1 n
I-(2.5pts) consider the integral |, =J 2X 1dx where n is a natural number. 3
o X"+
1-Prove that, forall n, 0<I,< i Deduce lim |,
n+1 n—>eo
2-Calculate lIo and Iz
1
3-a) Prove that, forall n, 1., +1, = 5 @% VA
toxt T 2
b) Deduce that, [——dx="-%
X“+1 4 3

0
4-The adjacent figure shows the representative curve of the function f defined on [-2; 2]
4 f—
by f(x)= XZ i using the previous results, calculate the area of the shaded domain.
X“+
I1- (4 pts) A- Let (U, )be the sequence defined for n>2by U, =2""~(n+1)

1-a) Calculate the first three terms of the sequence (U,)
b) Prove that (U,) is strictly increasing.

X

2- Knowing that Iim2— = +oo, prove that the sequence (U,) is divergent

n—o X
B- From an urn containing 10 white balls and 10 black balls, we draw one ball and then we put it back in the
urn (drawing with replacement). We execute this trial n times (n >2).
Consider the events C, D, E, F and G defined by:
C : « the drawn balls are black » D : « the drawn balls have the same color »
E : « the drawn balls are not of the same color » F : « among the drawn balls, only one is white »
G : « among the drawn balls, at most one is white»
1- Calculate the probability of each of the events C and D

2-a) Prove that p(E) =1—%, o(F) = 21 et p(G) = ”;nl
b- Prove that E n G = F. Deduce that the events E and G are independent if and only if 2"* =n+1
3-Using part A-1, Prove that the events E and G are independent for only one value of n to be determined.
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I11- (6 pts) The plane is referred to a direct orthonormal system (O ; u, V)
5 2
Consider the ellipse (E) of focus O, directrix the straight line (d) of equation X= 2 and eccentricity o

1-a) Write an equation of (E) and determine its center
b) Prove that the point F(-4; 0) is the second focus of (E) and the straight line (&) of equation X = —%

is the associated directrix.
c) Determine the points of intersection P and Q of (E) and the y-axis and draw (E)

2-Let M be a variable point of affix z = re'?,0 < 8 < 7, belonging to (E)
a) Calculate the distance of M from the directrix (d) in terms of r and &

b) Deduce that OM =L
3+2cosé
3-a) The straight line (OM) cuts (E) again at a point M". Prove that OM' = . 5
3—2cosd

b) Determine @ so that the length MM” is minimum.
4- Let N1 (X1 ; y1) be any point of (E) such that y1 0.

a) Determine an equation of the tangent (T1) to (E) at N1 and prove that (T1) cuts the directix (J)
5(x, +4)

2y,
b) Let N1 (x2; y2) be the point of (E) such that N1, N2and F are collinear.

Prove that x1y2-x2y1=4(y1-y2). Deduce that the tangents to (E) at N1 and N intersect on (8)

c) When 6 varies, on what straight line do the tangents to (E) at M and M’ intersect? justify.
by

At the point of ordinate

IV- (6.5 pts) A-Consider the differential equation (E) : 2y’ - y=0
1-Solve the equation (E )
2-The adjacent figure shows the representative curve of
a function g which is a particular solution of the
equation (E).

~\ﬁ .
:

a) Determine the function g. 0
b) Prove that g has an inverse function g whose
domain of definition is to be determined.

c) Draw the representative curve (y) of g™ and prove that g~ (x) = 2Inx -1
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B- Consider the function f defined on ]0; +oo[ by f (x) = |InX|+ Ing
Let (C) be the representative curve of fin an orthonormal system (O ; i, T)

1-a) 1-2Inx ifx€1]0; 1]
Prove that f(x) =4 ITx € [1 €]
2Inx-1 ifx € Je;+oof
b) Prove that f is continuous at 1 and at e

2-a) Calculate f (%) and f (e?)

b) Using the curve (y) drawn in part A, construct the curve (C).
3- Let a and b two strictly positive numbers such that ab=e. Prove that f (a) = f (b)
4-a) Prove that, for all A > 1. The equation f (x) = A admits two roots x1 and x2 such that xix2 = e
b) Determine the solutions of each of the equations f (x) =1+In4 and f(x) =3
5-Let (P) be the curve of equation y = e ® where x > e. Prove that (P) is a part of a parabola whose focus

and directrix are to be determined.
V/-(6 pts) Given a right triangle ABC such that (AB; AC) :% (2n) ;

Let H be the orthogonal projection of A on (BC)
1-Let h be the dilation (homothecy) of center H that transforms C onto B

Determine and construct h (AC). Deduce the image D of A under h.
2-Let S be the similitude that transforms A onto B and C onto A

a) Determine the angle of S.
b) Determine the image by S of each of the two straight lines (AH) and (CH)

c¢) Deduce that H is the center of S. C

3-a) Determine the image by S of each of the two straight lines (AB) et (CB)
b) Prove that S(B) =D and deduce that S°S(A) = h(A)
c) Prove that SeS =h

4- Let E be the midpoint of [AC]
a) Determine the points F =S (E) and G = S(F)
b) Prove that the points E, H, and G are collinear and that the triangle EFG is right.
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5-Suppose in this part that AB=6 and AC=4, and that the plan is referred to a direct orthonormal

system (A, u , v)suchthat u = %Né

a) Determine the complex form of S. Deduce the ratio of S and that of h
b) Deduce the coordinates of each of H and D.
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16/07/2005

The distribution of grades is over 25

n

1) ;20for0<x<1= 1,20
+X
X" 1 X" 1 1 X" Xn+l 1
<X" then_[ zdxij”dxwherej ~dx <
1+x° < 1+ x . o 1+x n+1],
Insi, hence Oglnﬁi
1+n 1+n

Iimi =0, thereforeliml, =0

n—>oo1_|_n n—o
1
dx T
2) 1, =|——=[arctanx}]} ==
) 0 '[X2+1 [ ]0 4

1
X 1 1
|, = dx==[In(x* +DL ==In2
1 _([ 2[( o >

i n+2 1 n 1 ,n+2 n 1 ,nsy2 i,
X X X"+ X X"(x+1) N i R 1
a-l,,+1, = dx+ dX=|———dx=|———dx=|X"dx=—-X"], =——
-([ 2 -([x2+ J J ! n+1 n+1

x*+1 . X+l x*+1
g :
b- dx=1, but ly+1,=1=1,=1->
01+X2 4
then |2+|4:£:>|4:l_1+fzﬁ_3
€ g 4 4 3

4) f(x)=0; thenx=-1 or x=1
f is an even function , then the area of the shaded region:

1
A:-Z_[ f(x)dx=2(1,-1,) =§ square units
0
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- A)
1-a) The three term of the sequence U are: U,=2%1-(2+1)=-1 ; U,=2%1— (3+1)=0;
U, =2*1 - (4+1) =3
byu,,-U =2"-(n+2)-2""+(n+1)=2""-1>0 because n>2 so
the sequence (U,) s strictly increasing
2. limU, = Iim(%xZ“ _n-1)= Iimn(%x%—l—%) — (4o0) x (490) = 0
Then the sequence (Un) is divergent.

B) 1-The probability of getting a black ball is ;_(()) = %

Getting n black balls is the same as getting 1 black ball in n independent drawings, so
P(C)=p(N) x p(N) x...x p(N), n time

where : p(C)= 1><i>< ......... E,ntimes
2 2 2
1 1
hence p(C)=(=)"=—
p(C) (2) T

p(D) = p(n black balls or n white balls)
= p(n black balls) + p (n white balls)
. 1 1 1 2 1
But p(nwhite balls)= —so p(D) ==—+—=—=
p( ) 2n p( ) 2n 2n 2n 2!1—1

2-a) E and D are two opposite events, then P(E) =1-P(D) hence P(E) = 1- 2}1
F is the set of n-uplets containing each 1 white balls and n-1 black balls and since there

are n possible places for the white ball then : P(F)= nx%x (%)nl =n 1 -

on o
P(G)=P(FUC)=P(F)+P(C)  (C and F are incompatible )

= P(G) :%+2—1n: n;l

b) E is the events
Getting (1w and n-1 B) or (2w and n-2 B) or (n-1 w and 1 B)
G : is the events
Getting (Ow and n B) or (1w and n-1 B)
Then E NG is the event of getting (1w and n-1 B) consequently ENG=F
E and G are independent if and only if
P(ENG)=p(E) x p(G), p(E) x p(G) = p(F) which gives that
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1:(1— 17 ).n+1 SO n=n+1- n+11 or n+11=1
2" 2" 2"
Then 2" =n+1
3- Eand G are independent then 2"*=n+1 Un =0
But (Un) is strictly increasing and Us= 0 so there exist only one value for n which is 3.

)
1) a- Let M(X, y) be a variable point of (E) is orthogonal projection on (d) is

5 MO 2
M'(=;y) then, —— =e=—
(2 ) MM 3

!

2 2
9(x*+y?) = 4(x—g)z, Let 5x*+9y®+20x—25=0 an equation equivalent % +y? =1

The center of (E) is the point w(-2;0)

b- The point F is the symmetric of O with respect to w then it is the point F(-4, 0) , the
associated directrix of F is the symmetric of (d) with respect to w, then it is the straight
line (&) of equation x = _713

2 2

c- For x =0 we have ﬂ+y—=1 which gives y—=1—ﬂ=§
9 5 5 9 9
25 5 5 5 5
then y? === =—or y=——= P(0,=-) and 0, —=) or conversely.
LY 3° ( 3) Q( 3) y
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® ty
(d)
&
ks e H (%)
K W m .
% 4 i r'l/ 2 4
) M
Q
e e il 5 5
2) a-d(M;(d))=MH = [x,, ——‘z rcos&—z‘

b-OM=rand x,, < %then rcos¢9—2< 0 where d (M;(d)) = g—rcose

But O—M=e:2:>r=2(§—rcos:9)
MH 3 32
Wherer = OM = L
3+2cosd

3) a- z,, =2 =r'ewith @ = (G;0M) = 7 +6(27x)
5 5 5

=0M'=r"= = =
3+2cosd’ 3+2cos(r+6) 3-—2cosé
b- MM'=MO+0M':=L2
9-4cos° 4

For MM’ to be minimum 9—4cos® @ should be maximum
s0 9—4cos? @ <9 then MM’ is minimum when

9-4c0s°0=9=c05’0=0=cosfd=0and 0<O<rx thenezg

!

4a-

2 2
(x+2) +y_:1:>g(x+2)+2yy
9 5 9 5
=, _2X
Ny 9 .

+2
" 9y,
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oo _—5(x+2), 13
(Ta):y W= (=5 —x)

Ly 65(x,+2)  5x(x+2) y, = 10x? +18y? +85x, +130
18y, 9y, ' 18y,

Or 5x7 +9y/ +20x, — 25 =0=> 5x7 +9y;
—y= 45x, +180 _ 5(x, +4)
18y, 2y,

=—20x, +25then10x’ +18y;

—40x, +50,

b- i4;0) _ 4
FN,(x, +4;y,) and FN,(x, +4;Y,)
N1, N2 and F are collinear so F—I\Il and FN, are collinear hence,
yz(x1 +4) = yl(XZ +4)
%Y, = YiX = 4(Y, —Y,)

Let T2 be the tangent to (E) at N2, (T2) cuts (&) at point J such that 50, +4)

2y,
XYy — VX, = A(y, —y,) then X4 _X*4

y2 yl
5 (44 5 (x+4)

theny, =y, and sincel and J have the same abscissa then
2 Y2 2 Y1

I and J are confouned. Consequently (T,) and (T, ) intersecton (o)

c- (N1 N) is a focal secant passing through F. (T1) and (T2) intersect on (3) at | by
symmetry the secant (MM") passes through O and the tangents to (E) at M and M’

intersect on the directrix (d).
IV- A-1) 2y'-y=0isequivalent at y’ —% y = 0 the general solutionof (E) is y = Ce?
2) a- The representative curve of g passes through the point (0; \/E) then

X
Je =Ce’thenC = /e = g(x)=,fe e?=¢?

b- g is continue and strictly increasing over IR then it admits an inverse function g*
Dg-l = ]O, + o0 [

Faculty of Engineering — Lebanese University
All the Entrance Exam Sessions are available on www.ulfg.ul.edu.lb



Wiz el
i

LEBANESE UNIVERSITY
FACULTY OF ENGINEERING

c- The curve (y) of gt is the symmetric of the curve of g with respect to the first bisector

X+1

y:e7 :>X+1:2|ny:>x:2|ny-1 = g‘l(x):ZInx-l

(¥)

B) a- * If 0<x<l1then 0<§<1<1 = Inx<0and InX <0
e e e

X
=—Inx-In=

f(x) = |Inx/+
e

X
In—
e

=—Inx—Inx+Ine=1-2Inx

*If 1<x<e :1_531
e e

X
=Inx-In==Inx=Inx+Ine=1

Inx >0 and |n§so therefore f (x) = [Inx|+ -

X
In—
e

X X
*If x>ethen—=>1 Inx>0andIn—>0
e e
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f ()= [Inx|+ Ing = Inx+|n§ =Inx+Inx—Ine=2Inx-1
1-2Inx ifx€]0; 1]
f (X): 1 ifx€ [1 ,e]
2 Inx -1 ifx€le +of

b- f(1)=1

Iirlr] f(x)= Iirlr] (1-2Inx)=1-2.0=1=f (1)
Iirlr)f(x) = Iirp(l)z f (1) = f iscontinuousat 1
- if f(e)=1
lim f(x)= lim (1) =1=f (¢) =fis continuous at e
lim f(x)= lim (2Inx-1)=1=f (e)
1 1
2) a- f(=)=12In = =1+21In2
) ® >

f (e?)=2Ine?-1=14-1=3
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b-

3) f(a)=|Inal+ In% =|Ina|+ In% =|Inaj+|Inb|
f (b) =|Inb|+ Ing =|Inb|+ Ini =|Inb|+|Ina| then f(a) = f(b)

4) a- For A>1, f(x) =A>1 graphically the straight line of equation y = A cuts (C) in two
points of abscissas x, and x, such that

X, €]04 and x, €]e;+oo[ then 1-2Inx, =2Inx, -1
Inx, +Inx, =1 so InxXx, =1and then x,x, =e

The equation f (x) = 4 has two roots x, and x, such that xx, =e

b- f(x) =1+In4 gives x :% or x =2e

f(x)=3 gives x=¢e2 or el
e

5) y=e ™ gives f(x)=Iny and f(x)=2Inx-1 since x > e therefore 2Inx-1=1Iny, so
2
Inx* —Ine=Iny or InX"—In y thereforex® = ey then (P) is a part of parabola
e
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whose focus axis is yy’ of vertex O, focus F(0; %) and the directrix the straight

line of equation y = -%

V) 1) h(C)=B then the image of (AC) is a straight lines passing through B and parallel to
(AC) that is the straight line (d)
D =h(A) then D, H and A are collinear so D € (AH)

A e (AC) then h (A) e(d), Therefore D is the intersection of the two straight lines (d)
and(AH)

s

A F B

2) a- S(A) =B and S(C) = A then the angle of S is (KC, E?A) = %(27;)

b- The image of (AH) by S is the straight line passing through B and perpendicular to (AH),
so it is the straight line (BC).

The image of (CH) by S is the straight line passing through A and perpendicular to (CH),
so it is the straight line (AH).

c- H is the intersection of the two straight lines (AH) and (CH) so its image by S is the point
of intersection of (BC) and (AH) then it is the point H therefore S(H) = H, hence H is the
center of S.

Faculty of Engineering — Lebanese University
All the Entrance Exam Sessions are available on www.ulfg.ul.edu.lb



izl
SN

LEBANESE UNIVERSITY
FACULTY OF ENGINEERING

3) a- The image by S of (AB) is the straight line passing by B and perpendicular at (AB), then

this is the straight line (BD).
The image by S of (CB) is the straight line passing by A and perpendicular at (CB), then

this is the straight line (AD).

b- B is the intersection of the two straight lines (AB) and (CB) then its image by S is the
point of intersection of the two straight lines (BD) and (AD) hence it is the point D

S-S(A)=S(S(A)) =S(B)=D=h(A)
c- S-S =S (H; k;%)oS(H;k;%):S(H;kZ; % +%):S(H; K2 7) = h(H:—k?)
S-S and h have the same centerand S-S (A) =h(A)thenS-S =h

4) a- E is the midpoint of [AC] , and since similitude preserves midpoints then S(E) is the
midpoint of segment [BA] image of [AC] by S, hence F is the midpoint of [BA].
F is the midpoint of [BA] then S(F) is the midpoint of segment [BD] image of [BA] by S,

consequently G is the midpoint of [BD].

S S h
b- E.3F G, thenE -G

So HG =—k?HE then the points E, H and G are collinear.
S(EF) = (FG), then the two straight lines (EF) and (FG) are perpendicular and the

triangle EFG is right.

5) a- zg=6: zc=4i
The complex form of Sisz" =az +b
S(A) = B gives zg = aza +b then b =6
) 3. ;3.
S(C) = A gives za = azc +h then @ = EI therefore z' = EIZ +6
The ratio of Sis k = [a] =g and the ratioof h isk’ = —k* = _79 h is a negative
homothetic

b- z, =L=L=—(2+3|) then H(ﬁ E)
l-a 1.3, 1 13 13
2

S(B)=D sozp =gizB +6:gi><6+6=6+9i then D (6; 9)
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