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I-(2.5pts) consider the integral  


1

0

2 1
dx

x

x
I

n

n   where n is a natural number.                           3 

1-Prove that, for all ,n  0 ≤ nI ≤ 
1

1

n
. Deduce 

n
lim nI  

2-Calculate I0  and  I1
  

3-a) Prove that, for all  
1

1
, 2




n
IIn nn                                                                -2           O                   2 

   b)  Deduce that, 
3

2

41
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



dx
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x

 

4-The adjacent figure shows the representative curve of the function  f  defined on [-2; 2]
  

    by 
1

1
)(

2

4






x

x
xf

  

using the previous results, calculate the area of the shaded domain.  

II- (4 pts) A- Let )(Un
be the sequence defined for )1(2by U 2n 1

n   nn
 

1-a) Calculate the first three terms of the sequence )(Un  

    b) Prove that )(Un  is strictly increasing.  

2- Knowing that  ,
2

lim 
 x

x

n
 prove that the sequence )(Un  is divergent  

B- From an urn containing 10 white balls and 10 black balls, we draw one ball and then we put it back in the   

urn (drawing with replacement). We execute this trial  n  times (n 2). 

      Consider the events C, D, E, F and G defined by:  

      C : « the drawn balls are black »                                    D : « the drawn balls have the same color »  

      E : « the drawn balls are not of the same color »            F : « among the drawn balls, only one is white » 

      G : « among the drawn balls, at most one is white»  

1- Calculate the probability of each of the events C and D  

2-a) Prove that 
12

1
1)(




n
Ep ,  

n

n
Fp

2
)(    et 

n

n
Gp

2

1
)(


  

      b- Prove that E G = F. Deduce that the events E and G are independent if and only if 12 1  nn  
   3-Using part A-1, Prove that the events E and G are independent for only one value of n to be determined. 

 

 

 

 

 

 



                        
 

 

Faculty of Engineering – Lebanese University 

All the Entrance Exam Sessions are available on www.ulfg.ul.edu.lb 

     

     LEBANESE UNIVERSITY  

FACULTY OF ENGINEERING 

III- (6 pts) The plane is referred to a direct orthonormal system ),;( vuO  

      Consider the ellipse (E) of focus O, directrix the straight line (d) of equation 2

5
x  and eccentricity 3

2
 

      1-a) Write an equation of (E) and determine its center 

         b) Prove that the point F(-4; 0) is the second focus of (E) and the straight line (δ) of equation
2

13
x   

             is the associated directrix. 

c) Determine the points of intersection P and Q of (E) and the y-axis and draw (E) 

2-Let M be a variable point of affix ,0,   irez belonging to (E) 

a) Calculate the distance of M  from the directrix (d) in terms of r and   

b) Deduce that 
cos23

5


OM  

 

3-a) The straight line (OM) cuts (E) again at a point M´. Prove that 
cos23

5


MO  

   b) Determine   so that the length MM´ is minimum. 

4- Let N1 (x1 ; y1) be any point of (E) such that y1 0.  

a) Determine an equation of the tangent (T1) to (E) at N1 and prove that (T1) cuts the directix (δ) 

At the point of ordinate 
1

1

2

)4(5

y

x 

 

b) Let N1 (x2; y2) be the point of (E) such that N1, N2and F are collinear. 

Prove that x1y2-x2y1=4(y1-y2). Deduce that the tangents to (E) at N1 and N2  intersect on (δ)  

c) When θ varies, on what straight line do the tangents to (E) at M and M′ intersect? justify.  

                                                                                                                                                y  

IV- (6.5 pts) A-Consider the differential equation (E) : 2y′ - y= 0                                      

1-Solve the equation (E ) 
2-The adjacent figure shows the representative curve of 

a function g which is a particular solution of the                                                       

equation (E).                                                                                                              e   

a) Determine the function g.                                                                                      
 j


 o     
i


             x 

b) Prove that g has an inverse function g-1 whose                                                                          

    domain of definition is to be determined. 

c) Draw the representative curve (γ) of g-1 and prove that 1ln2)(1  xxg    
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   B- Consider the function f defined on ]0; +∞[ by f (x) = 
e

x
x lnln   

 Let (C) be the representative curve of  f in an orthonormal system ),;( jiO  
 1-a)                        1-2ln x     if x Є ]0; 1[ 

  Prove that f(x) =   1              if x Є [1 ;e]   

; +∞[ e] Є1   if x - lnx2                                  

b) Prove that f  is continuous at  1 and  at  e     

)2e(f and )
2

1
(fa) Calculate -2  

    b) Using the curve (γ) drawn in part A, construct the curve (C). 

 3- Let a and b two strictly positive numbers such that  ab=e. Prove that f (a) = f (b) 

   e =  2x1x such that 2x and 1xits two roots adm  λ) = x(f quation The e> 1.  λ for all, ve thatProa) -4               

= 3                           )x(f  4  and ln ) =1+x(f  equations of the b) Determine the solutions of each     

 whose focus  parabola is a part of a(P)  Prove that e.x ≥  where )x(fquation y = e of e be the curve(P)  Let-5  

. and directrix are to be determined     

;  )π(2 
2


=);( ACABsuch that ABC (6 pts) Given a right triangle -V 

Let  H be the orthogonal projection of A on (BC) 

           1-Let h be the dilation (homothecy) of center H that transforms C onto B 

  Determine and construct h (AC). Deduce the image D of A under  h. 

  2-Let S be the similitude that transforms A onto B and  C onto A   

   a) Determine the angle of S. 

   b) Determine the image by  S of each of the two straight lines (AH) and (CH) 

 

 

   c) Deduce that  H is the center of  S.                                                                 C                                              

                                                                                                                                                   

         3-a) Determine the image by  S of each of the two straight lines (AB) et (CB)                  H                           

    b) Prove that S(B) =D and deduce that S◦S(A) = h(A) 

             c) Prove that S◦S =h 

                                                                                                                         A                                       B 

 4- Let E be the midpoint of [AC] 

a) Determine the points F = S (E) and  G = S(F) 

b) Prove that the points E, H, and G are collinear and that the triangle EFG is right. 
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5-Suppose in this part that AB=6 and  AC=4, and that the plan is referred to a direct orthonormal  

 ABu
6

1
that  such) vu ,, A(system   

      a) Determine the complex form of  S. Deduce  the ratio of  S and that of  h 

       b) Deduce the coordinates of each of H and  D.  
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The distribution of grades is over  25 

 

1) 0
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 for 0 ≤ x ≤1 0nI  

  n
n

x
x

x


 21
   then 

1

0

11

0

2

1

0

1

0

2 11
  

1



















 n

x
dx

x

x
wheredxxdx

x

x nn
n

n

 

n
I

n
I nn



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
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2) 
4

][arctan
1

1

0

1

0
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



  x

x

dx
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1
)]1[ln(
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1
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0
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b- 4

1

0

2

4

1
Idx

x

x



   but 

4
1220


 IIII   

       then   
3

2

44
1

3

1

3

1
442 


III  

 4)  thenxf ;0)(  11  xorx       

         f  is an even function , then the area of the shaded region:  

A=-2 units square  
3

4
)(2)( 40

1

0

 IIdxxf
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II- A)  

   1-a) The three term of the sequence 
nU  are : 

2U = 22-1 - (2+1)= -1   ;  3U = 23-1 –  (3+1)=0 ;       

4U  = 24-1 –  (4+1) =3   

       b) 2  because  012)1(2)2(2 11

1  

 nnnUU nnn

nn
  so  

        is strictly increasing    
 

)( nUthe sequence             

    2-   


)()()
1

1
2

2

1
(lim)12

2

1
(limlim

nn
nnU

n

n

n

n
n

n
    

            Then the sequence (Un) is divergent. 
 

B) 1-The probability of getting a black ball is 
2

1

20

10


 
         

 

         Getting n black balls is the same as getting 1 black ball in n independent drawings, so     

p(C)=p(N) x p(N) x…x p(N), n time  

         where :  p(C)= timesn,
2

1
.........

2

1

2

1
       

        hence   p(C)=
n

n

2

1
)

2

1
(    

        p(D) = p(n black balls or n white balls) 

                 = p(n black balls) + p (n white balls) 

                  But   p(n white balls)= 
12

1

2

2

2

1

2

1
    s

2

1



nnnnn

p(D)o  

     2-a) E and D are two opposite events, then  P(E) =1-P(D)    hence P(E) =  1-
12

1
n

 

            F is the set of n-uplets containing each 1 white balls and  n-1 black balls and since there 

are n possible places for the white ball then : P(F)=
nn

n n
nn

22

1
.)

2

1
(

2

1 1    

            P(G)=P(FC)=P(F)+P(C)       (C and F are incompatible ) 

                     
nnn

nn
GP

2

1

2

1

2
)(


  

           b) E is the events  

             Getting (1w and n-1 B) or (2w and n-2 B) or (n-1 w and 1 B)  

             G : is the events 

             Getting (0w and n B) or (1w and n-1 B)  

             Then GE is the event of getting (1w and n-1 B) consequently GE = F 

                E and G are independent if and only if  

                p( GE )= p(E) x p(G),  p(E) x p(G) = p(F) which gives that  
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nnn

nn

2

1
.

2

1
1

2 1













 so  n = n +1 - 12

1



n

n

 
or 1

2

1
1



n

n
 

                      Then 12 n = n+1                                                                                                  

=0 nU , 1+n= 12 n independent thenG are  and E -3      

         But (Un) is strictly increasing and U3= 0 so there exist only one value for n which is 3.   
 

III)    

1) a- Let M(x, y) be a variable point of (E) is orthogonal projection on (d) is  

3

2
,hen   );

2

5
( 


 e

MM

MO
tyM

 

                                  

1
59

)2(
 equivalentequation an   0252095Let    ,)

2

5
(4)(9

22
22222 




yx
xyxxyx

 
        The center of (E) is the point w(-2;0) 

 

      b- The point F is the symmetric of O with respect to w then it is the point F(-4, 0) ,  the 

associated  directrix of F is the symmetric of (d) with respect to w, then it is the straight 

line )( of equation 
2

13
x  

      
c-   For x = 0 we have  1

59

4 2


y

       which gives 
9

5

9

4
1

5

2


y

   

             

               )
3

5
,0()

3

5
,0(

3

5
 

3

5

9

25
then  2  QandPyoryy  or conversely. 
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2) a- d(M;(d))=MH = 
2

5
cos

2

5
 rxM  

b- OM = r and 
Mx  < 

2

5
then 

2

5
cos r < 0 where  d (M;(d)) = cos

2

5
r  

            But  )cos
2

5
(

3

2

3

2
rre

MH

OM
  

            Where r = OM = 
cos23

5


  

 

3) a- )2();(with  


 OMuerzz i

M


 

               
 cos23

5

)cos(23

5

cos23

5








 rMO
 

 

        b-  MM′=MO+OM′ =
2cos49

30


  

            For MM′ to be minimum  maximum be should  cos49 2       

            9cos49  so 2    then MM′ is minimum when          

2
  then 0  and  0cos0cos9cos49 22 

   

,  )  ; y(xN
yy

x
yx

111

22

point at  0
5

2
)2(

9

2
1

59

)2(
-a 4) 





    

1

1 2
.

9

5
1 y

x
yN




   

  an equation of the tangent (T1) is )(
9

)2(5
1

1

1
1 xx

y

x
yy 


  
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            (T1) :

 

)
2

13
(

9

)2(5
1

1

1
1 x

y

x
yy 




 

           1

1

2

1

2

1
1

1

11

1

1

18

130851810

9

)2(5

18

)2(65

y

xyx
y

y

xx

y

x
y








                                             

           

 

            Or ,50401801 then 2520950252095 1

2

1

2

11

2

1

2

11

2

1

2

1  xyxxyxxyx  

               
1

1

1

1

2

)4(5

18

18045

y

x

y

x
y





  

             

         b- F (-4;0)  

             );4();4( 222111 yxFNandyxFN   

              N1 , N2 and F are collinear so 1FN and 
2FN  are collinear hence,  

              )4()4( 2112  xyxy  

                 )(4 212121 yyxyyx   

               Let T2 be the tangent to (E) at N2, (T2 ) cuts )( at point J such that 
2

2

2

)4(5

y

x 
 

                   )(4 212121 yyxyyx     then 
1

1

2

2 44

y

x

y

x 



 

            

     

)(on intersect  )( and )(ly Consequent confouned. are   

 thenabscissa same  thehave  and   since and  
)4(

2

5)4(

2

5

21

1

1

1

2

2

TTJandI

J Iyythen
y

x

y

x
J 







     

        

       c- (N1 N2) is a focal secant passing through F. (T1) and (T2) intersect on (δ) at I by 

symmetry the secant (MM′) passes through O and the tangents to (E) at M and M′ 

intersect on the directrix (d). 

 

        IV-  A-1)   2y′ - y = 0 is equivalent at 2 is (E) ofsolution  general  the0
2

1
x

Ceyyy   

2) a- The representative curve of  g  passes through the point  );0( e  then 

eCthenCee  0
        2

1

2)(





xx

eeexg  

       b- g is continue and strictly increasing over IR then it admits an inverse function g-1    

              Dg
-1

 = ]0;   [       
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       c- The curve (γ) of g-1 is the symmetric of the curve of  g with respect to the first bisector 

             y =
2

1x

e  x+1 = 2 ln y   x = 2 ln y-1   g-1 (x)= 2 ln x-1 

 

 

 

 

 
 

 

B) a- * If   0 < x <1 then  0<
ee

x 1
 <1   ln x < 0 and 0ln 

e

x
 

          f (x) = 
e

x
x

e

x
x lnlnlnln 

 

             = xexx ln21lnlnln   

             * If    1   x < e  1
1


e

x

e  

               
0ln and  0ln 

e

x
x   therefore f (x) = 1lnlnlnlnlnlnln  exx

e

x
x

e

x
x

 

             * If   0
e

ln and  0ln  ,1
e

  then 
x

x
x

ex  
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                 f (x)= 1ln2lnlnlnlnlnlnln  xexx
e

x
x

e

x
x  

 

                                  1-2 ln x              if x Є] 0; 1[ 

                 f (x)=         1                       if x Є [1 ;e]   

                                     2 lnx -1              if x Є ] e;  [   

 

        

 

 b-   f (1) =1 

 

             
lx

lim  f (x)= 
lx

lim   (1-2lnx)=1-2.0=1=f (1)   

 

             1)1()1(lim  )(lim atcontinuousisffxf
lxlx


 

 

 

- if  f (e) =1 

                   
ex

lim  f (x)= 
ex

lim (1) =1=f (e)   f is atcontinuous  e 

                       

                    
ex

lim  f (x)=
 

ex
lim  (2lnx-1)=1= f (e)   

2) a-    )
2

1
(f = 1-2ln 

2

1
 =1+2 ln2 

                    f (e2)=2ln e2 - 1 = 4-1 =3 
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    ba
b

a
e

a
aaf lnln

1
lnlnlnln)( 3)       

           f(b)f(a)ab
a

b
e

b
bbf   then lnln

1
lnlnlnln)(  

    4) a- For  1)(,1   xf  graphically the straight line of equation y cuts (C) in two  

points of abscissas 21  and xx  such that 
 

           
[1,0]1 x  and [;]2  ex   then 1ln2ln21 21  xx  

 

    then and 1ln   so   1lnln 212121 exxxxxx            

           The equation f (x) =   has two roots   such that    and 2121 exxxx   

   

         b-   f (x) = 1+ln4   gives exorx 2
2

1
  

         

                f (x) =3   gives  x = e 2  or   
1

e
x     

 

    5)  y = e f(x)  gives  f (x) = ln y  and   f (x)= 2ln x-1  since  x   e therefore  2ln x -1 = ln y ,  so  

y
e

x
yex lnlnor      lnlnln

2
2   eyx 2 therefore  then (P)  is a part of parabola 
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whose  focus axis  is  , O  vertex of  yy   focus F(0;
 4

e
) and the directrix the straight 

line of equation y = -
4

e
 

 

       V)   1)  h ( C) = B   then the image of (AC) is a straight lines passing through  B and parallel to 

(AC) that  is the straight line (d)  

              D = h(A)  then D, H and A are collinear so D )(AH  
two straight lines (d) the n of intersectio Therefore D is the, )(dthen h (A)  )(ACA       

and(AH)       

 

                  

    

                                          

  2) a-  S(A) = B  and S(C) = A then the angle of S is )2(
2

),( 





BAAC   

        

      b- The image of (AH) by S is the straight line passing through B and perpendicular to (AH), 

so it is the straight line (BC). 

          The image of (CH) by S is the straight line passing through A and perpendicular to (CH), 

so it is the straight line (AH). 

 

      c- H is the intersection of the two straight lines (AH) and (CH) so its image by S is the point 

of intersection of (BC) and (AH) then it is the point H therefore S(H) = H, hence H is the 

center of S.  
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3)   a- The image by S of (AB) is the straight line passing by B and perpendicular at (AB), then     

this is the straight line (BD). 

           The image by S of (CB) is the straight line passing by A and perpendicular at (CB), then     

this is the straight line (AD). 

 

      b- B is the intersection of the two straight lines (AB) and (CB) then its image by S is the 

point of intersection of the two straight lines (BD) and (AD) hence it is the point D  

          S ° S (A) = S (S(A)) = S(B) = D = h (A) 

 

c- S ° S  = S (H; k;
 2


 ) ° S (H; k;

 2


 )  = S (H; k2;

 2


 +

2


 )  = S (H; k2;

 
);() 2kHh   

S ° S   and  h  have the same center and S ° S   (A) = h(A) then S ° S  = h 

4) a-  E is the midpoint of [AC] , and since similitude preserves midpoints then S(E) is the 

midpoint of segment  [BA] image of [AC] by S, hence F is the midpoint of [BA]. 

           F is the midpoint of [BA] then S(F) is the midpoint of segment [BD] image of [BA] by S, 

consequently G is the midpoint of [BD]. 

  

     

      b-   E F
s

  GEthenG
hs

 ,       

.collinearE, H and G are  sthe pointthen   HEkHG 2 So             

 S(EF) = (FG), then the two straight lines (EF) and (FG) are perpendicular and the 

triangle EFG is right.      
                       

5)  a-  zB = 6 :  zC = 4i  

         The complex form of S is z´ = az +b           

          S(A) = B gives zB = azA +b  then  b = 6  

          S(C) = A gives zA = azC +b then  ia
2

3
   6

2

3
  therefore  izz  

          The ratio of S is k = 
4

9
 is   of ratio  theand

2

3 2 
 kkha   h is a negative 

homothetic    
  

      b- )32(
13

12

2

3
1

6

1
i

i
a

b
zH 






  then H(
13

24
,
13

36
) 

           S(B) = D  so zD iiizB 9666
2

3
6

2

3
 then D (6; 9)   

 


