
 

                                                                                                             

 

 

             Entrance Exam 2015  - 2016                                      Mathematics                                            Duration :  3 hours                         

            The distribution of grades is over  25                                                                                            July 04  , 2015        

   

 

I-  ( 2.5 pts ) Consider the equation 03117)236(:)( 2  izizE  where z  is a complex number . 

1- Verify that i1  is a root of )(E  and determine the other root . 

2- Determine an argument of each of the roots of )(E . 

3- Calculate the product of the two roots of )(E  and deduce that 
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        II- ( 2.5 pts ) Consider the sequences )( nU  and )( nV defined for 1n  by 
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         1- a) Determine the limit of each of these two sequences and prove that   


n
n

n
Vim 2  . 

             b) Prove that , for all 1n  , nnn VVU   112 . 

         2- Consider the sequence )( nW  defined, for 1n , by  nn UUUUW  321  . 

             Prove by induction that , for all 1n , sin
2

1
nnn VW   and determine the limit of )( nW  .  

  

III- ( 2 pts ) Consider two boxes E  and F  containing identical balls such that : 

        E  contains 4  white balls and 2  red balls and F contains 3  white balls . 

        3  balls are drawn at random from box  E  and put in box  F ,  then 3  balls are drawn at random from F  . 

         Consider the event  L : " the balls drawn from box  F  do not have the same color " . 

 

        1- What drawing from box E  makes the event  L impossible ? 

        2- Prove that the probability of  the event  L  is equal to 
50

23
 .  

  IV- ( 6 pts ) The complex plane is referred to a direct orthonormal system ),;( vuO . 

   Consider the straight lines )( 1d  and  )( 2d  of respective equations xy    and  xy   . 

To each  point M  of affix   iz   not belonging to )()( 21 dd   we associate the points  'M  and "M   

of respective affixes 'z  and  "z  such that  )(
2

1
' zizz   and  )(
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1
" zizz   . 

1- a) Prove that 
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 are pure imaginary numbers . 

    b) Prove that 'M  and "M  are the orthogonal projections of M  on  )( 1d  and  )( 2d  respectively . 
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Suppose in what follows that 822  zz . 

2- a) Prove that the set of  M  is the hyperbola )(H of equation 422  yx . 

    b) Determine the focus F  of positive abscissa of )(H  and the corresponding directrix )(d . Draw )(H . 

    c) Using the product "' zz , prove that , as M varies on )(H , the area of the rectangle "' MMMO remains constant . 

 

   3- a) Write an equation of the tangent )(T  to )(H  at the point M  with affix  iz   

       b) Prove that )(T  cuts )( 1d  and )( 2d  respectively at the points R  and S  with affixes  '2 z  and "2 z . 

       c) Deduce that M  is the mid point of ][RS  . 

 

   4- Determine the points 1M  and 2M where the tangents )( 1T  and )( 2T  to )(H  cut the directrix )(d  at the point L  

       with ordinate 1  and prove that ][ 21MM  is a focal chord of )(H  .    

 

   

  V- ( 4 pts ) Consider , in an oriented plane , two points A  and B such that 4AB  . 

    Let 1R  be the rotation of center A  and angle rad
3


 and 2R  the rotation of center B  and angle rad

3

2
 . 

   1- Draw a figure and plot the points C  and D  such that )(1 BRC   and )(2 ARD   . 

   2- Let 3R  be the inverse rotation of 1R  and 32 RRf  . 

       a) Determine )(Af  and )(Cf . 

       b) Determine the nature and the elements of f  and deduce that ABCD  is a parallelogram . 

   3- Consider a point M  distinct from A  and B . 

       a) Plot the points 1M  and 2M  such that )(11 MRM   and )(22 MRM   . 

       b) Prove that , as M varies , the mid point of  ][ 21MM  remains fixed . 

   4- a) Determine a measure in radians of each of );( 1 MAMM  and );( 2MMMB  . 

       b) Prove that )2(
2

);();( 21 


 MBMAMMMM  . 

          c) Deduce the set of points M such that M , 1M  and 2M  are collinear .              

                                       

 VI- ( 8 pts ) The plane is referred to an orthonormal system ),;( jiO . 

     A- Let )(L  be the curve of equation 
xey 2  and )(  the straight line of equation xy 2  . 

   Let A  and B  be two points of abscissa m  belonging to )(L  and )(  respectively . 

   The tangent )(T  to )(L  at A  cuts the axis of ordinates at a point C . 

   1- Write an equation of )(T  and determine the ordinate of C  in terms of m . 

   2- a) Determine , in terms of  m  , the coordinates of the point G  such that OCOBOAOG 4  .   

       b) Determine the set of G  as m  traces IR . 
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B- Consider the function f  defined on IR  by xx exexxf 22)(   and let )(C  be its representative curve . 

 

      1- a) Set up the table of variations of the derivative 'f  of f . 

      b) Prove that f  has a maximum at a real number   and prove that 1
12
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f . 

          c) Set up the table of variations of f . 

 

  2- a) Study the concavity of )(C  and write an equation of the tangent )(  to )(C  at the point of inflection I . 

      b) Determine the abscissas of the points of )(C  with ordinate 1  .  

          c) Assuming that 634.0  and that 2  is an approximate value of )(f . Draw )(  and )(C  . 

          d) Calculate the area of the domain bounded by )(C , the straight line )(d  of equation xy   , the axis of 

             ordinates and the straight line of equation 1x  . 

 

   3- a) Prove that the restriction of f  to the interval ];] K  has an inverse function h  whose domain  

  of definition is to be determined .  

    b) Draw the representative curve )'(C  of h  in the same system as )(C .  

 

 4- Let M  be a point of )(C  whose abscissa a  belongs to the interval K .  

     a) The perpendicular to )(d  drawn through M cuts  )'(C  at a point 'M . Calculate 'MM  in terms of a  . 

     b) Determine a  so that 'MM  is maximum and prove that the tangents to )(C  and )'(C  at the  

         corresponding points M and 'M  are parallel . 

 

VII- ( 1 pt Bonus ) We want to make a metallic cylindrical box with lid having  

         a given volume V .           

Find the relation between its height h and the radius r of the base that minimize  

the amount of sheet metal used . 
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