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I- (4 points) We admit that, for any natural number 0lim 



x

n
ex  

 

   Let    dxexnU

n

xp

p 


0

)(   where  n   and   p  are two natural numbers. 

1) Calculate    )(0 nU   and show that 
nennU  )1(1)(1    

2) Using integration by parts, prove that   
nennUnU  2

12 )(2)(  .Calculate )(lim 1 nU
n 

 

     and deduce )(lim 2 nU
n 

 

3) Using integration by parts, find a relation between )(nU p
 and )(1 nU p  .Deduce that !)(lim pnU p

n



     

 

II- (3 points) We are given 3 urns 1U , 2U  and  3U  such that:  1U  contains one red ball and 4 white balls;  

      2U Contains 4 red balls and 4 white balls; and 3U contains 7 red balls and 3 white balls. 

      Designate by: P1  the probability that urn 1U  is chosen; 

                             P2  the probability that urn 2U  is chosen; 

                             P3  the probability that urn 3U  is chosen; 

1) Knowing that P1 , P2 and P3 are respectively proportional to 1 , 2 and 3, prove that P1 = 
6

1
 and                                                                                                

calculate P2 and P3. 

 

2) An urn is chosen and a ball is selected at random from this urn. 

     a)  Calculate the probability to select a red ball knowing that it comes from U1  

     b)  Calculate the probability of the event: “ the selected ball is red and it comes from U1 “. 

     c)  Calculate the probability of the event: “ the selected ball is red”. 

     d)  Knowing that the selected ball is red, what is the probability that it comes from U1 ? 
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III- (8 points) the plane is referred to an orthonormal system ),;( jiO .               y   

The adjacent 2 curves (C) and ( ) represent respectively 

The variations of 2 functions f and g , defined on IR , such that                               (C) 

f is the derivative of  g and g is the derivative of  f. 

1) Let h(x) = ln[ f (x) – g (x)]. 

    a)  Prove that h´ (x) is constant.                                                                                                )(  

    b)  Deduce that  f (x) – g ( x) = e-x 

2)  Designate by nU  the area of the domain bounded by (C ), ( ) 

      and the 2 straight lines of equations x = n -1 and x=n where n  IN                         1 

      a)  Prove that n

n eeU  )1(                                                                 x ´                      O                             x 

      b)  Prove that nU  is the general term of a geometric sequence 

           whose first term and common ratio are to be determined. 
                                                                                                                                              y´ 

 

c) Calculate in terms of  n , the sum Sn = 1U  + 2U  + ……+ Un and determine its limit as n tends to +   

d) Determine the values of  n such that Sn  > 0.99 . Let P be the least of these values; give a framing of  

Sp  of  amplitude 10-3   . 

  3) a)  Prove that  f  and g are 2 solutions of the same differential equation  (E) of second order which is 

           to be determined . 

      b) Solve (E)and deduce the expression of  f (x) and that of g (x) . 

  4) By only using the relation  f (x) – g(x) = e-x  and admitting that  f  is even and g is odd, prove                                

that  f (–x) + g(–x) = e-x  and find again the expressions of  f (x) and  g(x) 

 

IV- (10 points) The parts A and B of the problem are independent. 

       In the complex plane referred to an orthonormal system ),;( vuO  , consider the transformation  T        

that associates to each point  M  of affix  z  the point  M ´ of affix  z´ such that  z´=az + b  

       where a and  b  are 2 complex numbers such that a  0 and a   1. 

A- Suppose in this part that b   0 . 

Consider the sequence of points Mn  defined by M0 = O ( O being the origin of the system) and  

Mn = T (Mn-1), and the sequence of their respective affixes zn defined by z0 = 0 and zn = azn-1 + b 

  1)  a) Prove by mathematical induction that , for all 
a

a
bzn

n

n





1

1
,1  

       b) Prove that if  nza ,1   has a limit     to be determined. 

       c) What does the point  L  of affix     represent for the transformation T ? 
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2) Suppose that   2sin2cos ia    and b = sin2    where    is a number which is not a  

        multiple of   

      a) Give the nature of the corresponding transformation  T  and determine its characteristic elements  

in terms of    . 

      b) Deduce that the points  Mn  of affixes  zn  belong  to a circle passing through O whose radius  

          and the  coordinates of its center are to be determined. 

      c) Construct a figure in case where 
3


    and plot the points M0,  M1,  M2  and  M3 . 

 

  B- Suppose in this part that i1    and  b = 0 . The transformation  T  will have the complex    

expression  z´ = (1+i) z. 

    1) What is the nature of  T ? Determine its characteristic elements. 

    2) Consider the hyperbola  (H)  of equation    1
54

22


yx

        

       a) Determine the center of (H), its vertices and the equations of its asymptotes. Draw (H). 

   b) Determine the eccentricity of (H), one of its foci and the corresponding directrix . 

   3) Designate by (H ´) the transform of   (H)   by   T . 

    a) Prove that the equation of  (H ´) is 801822  xyyx  

    b) Consider the point F1 (3, 3) and the straight line ( ) of equation 3x + 3y - 8 = 0 

         Prove that the set of points N such that  
22

1 94 NKNF    where  NK   is the distance from N  

         to ( ) , is the curve  (H ´). 

    c) Deduce that (H ´) is a conic whose nature, eccentricity, a focus and the corresponding 

directrix are to be determined. 
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                 Entrance exam 2003-2004                 Solution of Mathematic                Duration: 3 hours 

 

I- 1) dxxenUeedxenU

n

xnnx

n

x


 

0

10

0

0 )(,1)(  

Letting   u = x  and  v′ = xe , we get: 

u′ = 1 and   v = xe , which gives 

nnn

n

xnx

n

x enenedxexedxxenU    )1(11  -)(
0

0

0

1  

                  2) dxexnU

n

x




0

2

2 )(  

Letting   u = x2  and  v′ = xe , we get: 

u′ = 2x   and  v = xe , which gives 

)(2U 2)( 1

2

0

0

2

0

2

2 nendxxeexdxexnU n

n

xnx

n

x  

  

                  1001)]()1[(lim)(lim 1  



nn

nn
neenU  

                   202)(2lim)(lim 2

12  



n

nn
ennUnU  

                   3) dxexnU

n

xp

p 


0

)(  

 Letting  u = xp  and  v′ = xe , we get 

u′ = pxp-1   et  v = xe , which gives 

)(pU )( 1-p

0

1

0 nendxexpexnU npx

n

pnxp

p  

  

                   




)]([lim)(lim 1 npUennU p

np

n
p

n
 

                  )(lim)(lim0)(limlim 111 nUpnUpnUpen p
n

p
n

p
n

np

n













  

                  With the same reasoning, we get 

                 nU p
n

(lim 1


)=(p-1) nU p
n

(lim 2


) 

                   then 


)1()(lim ppnU p
n

nU p
n

(lim 2


) 

                   As a result, we get : 

                   


2......)1()(lim ppnU p
n

)(lim 1 nU
n 

 

                                      = !12......)1( ppp   
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II-1) p1, p2 and  p3 are proportional at 1, 2 and 3 

       therefore : k
ppp


321

321

  
and as  p1+ p2 + p3=1, we have :  

       k+2k+3k =1, and since  
6

1
k , and consequently :  

       
2

1

6

3

3

1

6

2
,

6

1
321  pandpp  

     2) a-
5

1
)/( 1 URp

 
;  since U1 contains  5 balls of which one only is red. 

         b-
30

1

5

1

6

1
)/()()( 111  URpUpURp  

         c- ))(()()( 321 UUURpRpRp   

                     = ))()()(( 321 URURURp   

                     = )()()( 321 URpURpURp   

  Or: 
6

1

8

4

3

1
)/()()( 222  URpUpURp  

        
10

7

2

1
)/()()( 333  URpUpURp , where 

        55,0
20

11

10

7

2

1

8

4

3

1

30

1
)()()()( 3211  URpURpURpRp  

        d- : p (U1/R)=
33

2

1130

20

11

20

30

1

)(

)( 1 





Rp

RUp
 

 

III-1) a-     1
)()(

)()(

)()(

)()(

)()(

)]()([
)( 
















xgxf

xfxg

xgxf

xgxf

xgxf

xgxf
xh  

           Then )(xh is a constant, so kxxh )(  

    b- Graphically,  we notice that (C) passes through the point (0 ; 1) and  ( ) passes through the 

origin (0 ; 0),  then  f (0) = 1 and  g(0) = 0, which gives : 01ln)]0()0(ln[)0(  gfh  
and on the other hand  h(0) = k, therefore  k = 0 and consequently  h(x) = -x. 

         Hence : )()( xgxf  = xe  
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   2) a-
n

n

x

n

n

x

n

n

n edxedxxgxfU 1

11

][])()([ 









   

 

)1(][ 1)1()1(   eeeeeeee nnnnnnn

 
         b-  

e

U
e

e

e
eeeeeU nnnn

n 


 



1
)1()1( 1)1(

1

 
Then, (Un) is a geometric sequence of first term 

e
eU

1
11 1

1     and of common ratio 
e

q
1

  

   c- nn UUUS  ......21 is the sum of n consecutive terms of geometric sequence of first term
 

)
1

1(1
e

U   and of common ratio 
e

q
1

  

      n

n
n

n e

e

e

eq

q
US 









 1

)
1

1(

)
1

(1

)
1

1(
1

1
1  

1lim 


n
n

S  

          

          d- nS > 0.99 gives ne1 >0.99, Let ne <0.01, where: 

              then –n < ln(0,01), so –n < ln )
100

1
( , which gives  –n < -ln 100 and  consequently n > ln(100)  

or  n > 4,605. 

             That is 5n ,  since, n is a natural number. The smallest of these values is then    p = 5. 

         
9932620,01 5

5  eS

 

     A bounding of  S5 to the nearest 10-3 is then 0,993< S5 <0,994. 

3) a- Since )()( xgxf   and  )()( xfxg   ;  we get )()(')( xfxgxf  and consequently  

0)()(  xfxf  or 0 yy . Similarly,  

            )()()( xgxfxg     ; Which gives 0 yy  

          Then,  f and  g are the solutions of the differential equation 0 yy  
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 b- The characteristic equation associated with the differential equation is 012 r , that has as  

solutions   

          11 r  and 12 r  , then the  general solution of  (E) is 
xx eCeCy  21 . 

        But, 1)0( f  ;   gives 121 CC     

        
xx eCeCy  21  and  since   g(0) = f  (0)=0 ;     21 CC 0  then  

2

1
21 CC  

        xx eexf 
2

1

2

1
)( and since )()( xfxg  we get  xx eexg 

2

1

2

1
)(  

4)   f is even ,  then )()( xfxf  and g is odd, then   )()( xgxg   

     
xexgxfxgxf  )()()()(  This relation gives 

xexgxf  )()(  

      We get then the two relations: xx eexf 
2

1

2

1
)( and xx eexg 

2

1

2

1
)(  

 

IV-A 1)  a-  0b , M0 = O and  Mn = T(Mn-1)  for  n = 1, we get 

a

a
bbbabazz






1

1
0

1

01 , Then the relation is verified for  n = 1 

Suppose that the relation of order n is true. We have to prove that it remains true for the order 

n+1. 

b
a

a
babazz

n

nn 



 ]

1

1
[1 =

a

a
b

a

bab

a

abaab nnn













 

1

1

11

)1()1( 11

 

The relation is true for all 1n  

b- If thena 1 0lim 


n
n

a consequently 
a

b

a

b
zn

n 





 1
  hence

1
lim   

c- The point L (  ) is invariant under T. 

 

2) a- The complex form of T is bazz  then T is a direct plane similitude. 

  But  22sin2cos ieia    , 2)arg(1  aanda , the ratio of T is 1 and its angle 

is  2 . The center of T is an invariant point L, of affix  

 







cossin

cossin

1

cossin2sin2

sin2

2sin2cos1

sin2

1 2
i

iiia

b
l 











  

 

     Hence,  T is a rotation of center point L (  cos;sin ) and angle 2 . 
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b- T is a rotation of center L and of angle 2   

     
n

T

n

TT MMMMM  1210 .......  

     L nLMLMLMM  ........210  

     But LOLM 0 because OM 0  consequently  1cossin 22  OL  

      LO = 1........21  nLMLMLM  

      So, the points  nn zM  belong to the same circle of centre L and radius 1. This circle  

passes through O since  LO = 1. 

 

c- 
3


     gives: 

2

3

2

1

3

2
sin

3

2
cos iia 




















 

    3,0:3
3

sin2 010 







 bazzzwhereb


  

      iibazz
2

3

2

3
3

2

3

2

1
312 














  

      03
2

3

2

3

2

3

2

1
3 





























 iiz  

M0 = O,  OMMM 













321 ,

2

3
;

2

3
,)0;3(  

               y 

 

                                                 M2(√3/2 ;3/2) 

                             

                           1 

                                           L 

 

    (0 ; 0)M0                            )0;3(1M                      x 

                    M3(0 ;0) 1              2 

 

 

B. 1) 421


i

eia  , then T is a direct plane similitude of center O,  b = 0 , of ratio 2 and angle 
4


 

     2) The center of (H) is O (0; 0) 

        For   y = 0 ;we get 22,1
4

2

 xwherex
x

, then the vertices of (H) are A(2; 0) and A´(-2; 0) 

          



                                                                                                                                                          

Faculty of Engineering – Lebanese University 

All the Entrance Exam Sessions are available on www.ulfg.ul.edu.lb 
 

     

     LEBANESE UNIVERSITY  
FACULTY OF ENGINEERING  

 

 

 The asymptotes of (H) are xyandxy
2

5

2

5
  

 

                                  xy

2

5



                                         
xy

2

5



  
 

                                                                 x=4/3 

                                            
                                                              2 

                                                                                     (H) 

 
                                       F(-3;0)         A′         0         A                      x 
                                                                                                                     2       F(3;0) 

                                               -2 

 

 

 

 

 

     

  

   b- 954222  bac  ;    c = 3    where  
2

3


a

c
e  

         The foci of  (H) are : F(c; 0) and F´(-c; 0) So they are  F (3; 0) and  F´(-3; 0) 

         The directrices are the lines of equations: 
3

42


c

a
x   and   

3

42


c

a
x  

         F (3; 0) and the associated directrix is 
3

42


c

a
x

 

3) a-  z′ = (1 + i) z   which gives  
i

z
z






1
then  

         
2

)(

)1)(1(

)1)((

1

xyiyx

ii

iyix

i

yix
iyx












  

         
22

xy
yand

yx
x





  

        Replacing x and y by their values in (H) we get:  

        1
20
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16

)( 22
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


 xyyx

  then  801822  yxyx  

         The image of (H) is the curve (H′) of equation: 

          801822  xyyx  
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    b- NK =
23
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1 )3()3(  yxNF  

          
2

14NF =9NK2 ;  801822  xyyx  then the points N vary on the curve (H′) 

     

     c- 
2

31 
NK

NF
, then  N describes the hyperbola of focus F1 , directrix (Δ) and eccentricity 1

2

3
e  

               Then (H′) is the hyperbola of focus F1, of directrix (Δ) and eccentricity  
2

3
e  


