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LEBANESE UNIVERSITY v
FACULTY OF ENGINEERING — ! J
Entrance Exam 2001 - 2002 Mathematics Duration : 3 hours
July 2001

Remark: The use of a calculator with no programs is allowed.
The distribution of grades is over 25

I- (2 points)

Solve the inequation In(;—ﬂj > In(2x —3)

11- (5points)

Suppose the complex plane is referred to an orthonormal system (O; U, V) . Designate by A the
point of affix 1, by B the point of affix i, by (C) the circle of center O and of radius 1 and by
(D) the straight line of equation y = 1.

To every point M of affix z # i, we associate the point M” of affix z" = ?
Z+i
1) Determine the set of M of affix z sothatz” =1.
2) Showthatz” z' =1. Interpret geometrically the result.

3) a- Show that, for every M which does not belong to (D), Z—_l IS pure imaginary.
Z-i

b- Prove that the two straight lines (AM") and (BM) are perpendicular.
c- M being a given point which does not belong to (D), construct geometrically point M".
d- Precise the position of M~ when M belongs to (D) deprived from B.

I11- (5 points)
In the complex plane referred to an orthonormal system (O;U,V) . Consider the points:
Ao, A1,....,An, Ans1 ..., Of respective affixes zo, 21, ..., zn , Zns1 , ..., defined by :
20=0 and zn+1 = i_zn+i (n € N).

1+i

1) Show that, whatever is n, An+1 IS the image of A, by a direct similitude whose center |,
its ratio k and its angle o are to be determined.

2) a- Prove that, whatever is n, the triangle 1An An+1 IS right angled at An+1 .
b- Deduce a construction of An+1  using An and place the Ao , A1, Az, Az, Az, As
(for drawing the figure and only for this purpose, take as unit of length 4 cm).
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3) Suppose ax=area (IAx Ak+1) and Sp=aot+ art axt.....t an

a- Show that the sequence of general term ax is a geometric sequence whose first term and
its common ratio are to be determined.

b- Calculate S, in terms of n and determine its limit when n tends to +oo .

V- (4 points)

We consider 3 urns Uy, Uz and Us , containing each 6 balls :
U1 contains 2 blue balls and 4 red ones.

U, contains 3 blue balls and 3 red ones.

Us contains 5 blue balls and 1 red ball.

1) In this part, consider the urn Ui . We draw from it a ball at random.
This operation is repeated 5 times replacing the ball each time in the urn Us .

a- What is the probability to obtain 4 blue balls and 1 red ball in the following order :
blue, blue, blue, blue, red ?

b- What is the probability to obtain 4 blue balls 1 red ball in any order ?
c- What is the probability to obtain at least one blue ball ?

2) In this part, we choose at random an urn from the three urns U1, Uz , Us , and we draw at
random from it a ball.

a- What is the probability to obtain a blue ball?
b- We know the draw ball is blue; what is the probability that the ball comes from Uz ?

V- (9 points)
A- Consider the function f, defined over ] 0, + oo [, by f(X) = X—_l(ln X—2)
X

and designate by ( C ) its representative curve in an orthonormal system (O;i, ).
1) Showthat lim f(x) =+ and |ingf(x)=+oo.

2) Show that f is differentiable over ] 0, + oo [ and that f'(x) = iz(lnx +X—13)
X
3) Let g be the function defined over ]10,+ o[ by g(X) =Inx+x-3
a- Study the variation of g.

b- Show that g (X) =0 has a unique solution a and that 2.20 <o <2.21.
c- Study the sign of g (x) over ]0,+ o [.
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4) a- Study the variation of f.

RCE

b- Show that f ()= . Deduce that - 0.67 < f () <—0.65

5) a- Study the sign of f(x) and show that f(x) <0 ifandonly if xe ]1,e?][.
b- Calculate f (1) and f (e?) and draw (C).

B- Consider the function F defined over ]0,+ o[ by F (x)= J.f(t)dt . Wecall (T'") the
1

representative curve of F.

1) a- Without calculating F (x), study the variations of F over ]0,+ o [.
b- What can be said about the tangents to (I") at its points of abscissas 1 and e? ?

2) a- Prove that Jln(t)dtlenx—x+1
1

b- Prove that F (x) = xlnx—3x—%(lnx)2 +2Inx+3

c- Calculate Iing F(X) .

d- Noticing that F (x) = xlnx(l—i—yn—x+gj+3 , calculate
Inx 2 x X
limF) and lim 2%
X—>+0 X—>+0 X

e- Set up a table of variations of F and draw (T") .

3) Calculate the area S of the domain limited by (C), the axis of abscissas and the two
straight lines of equations x =1 and x =e? . Give an approximated value of S to the
nearest 10° by greater value.
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X_+1 >0
I- This inequality is defined for: { 5_x
2x—-3>0
Which gives -1<x<5 and x >g , that is for g< X <5.
The inequality: In(;—ﬂj > In(2x —3) gives ;(_+1 > 2X-3
i —X
2
Therefore w >0 which is verified for x < 2 or 4<x< 5
— X
The accepted solution is then: 4 <x <5 or g< X<2
II-1)z’=1gives z—i=Z+i,then z- Z=2i andif z=x+1iy we get y=1, then the set of
points M is the straight line (D) deprived of the point B. y
7z =2
Z+1 z-i o M
Butz'z' =[z| =1=0M"* s0OM’' =1 B ©
And consequently the point M’ is a point of circle (C) , /QQ ©)
M-J. A X
3) a- M does not belong to (D), so Im (z) = 1. \
z-1
z —_1: 7 4 L z—|_—z —_| 1 2|(Im(z)2—1) and Im(2) =1
z—i z—i  (z-D)(z-1) 2|
Hence =—= is pure imaginary.
z—i
zZ, .. ,— '
b- &M = 2w " 2a _ 2 — that is pure imaginary, so the two straight lines (AM") and (BM)
Zog Iw—Zg Z-i

are perpendicular.
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c- M does not belong to (D), then (AM ") and (BM) are perpendicular, soM " is on the
perpendicular through A to mathematics solution

(BM) and M’ is a point of (C), so M"is a point of intersection of these two sets other than A.
d- If M is a point of (D) deprived of B then z = x+ i with x= 0

Z,_x+i—i_

—— =1 So M' is confounded with A.
X—i+Ii

- 1)z, = 1—1_2n +i= %zn +i , which is the complex form of a similitude.
+i

b:ﬁe_iX and Z, = b = : =1+i
2 2 l-a , 1

L

So An+1 is the image of A, by the direct similitude of center | (1+i), ratio ﬁ

T
and angle — = .
g 4

2) a- (W;m) =%(27r) etlA, ., :g IA,, sotriangle 1A A, isright at An+1
b- 1A A, ., is right isosceles of principal vertex An+1 and
(A ALA)= %(272’) then A, ., is the intersection of the semi-circle of diameter [1Aq]
and of the perpendicular bisector of [1An].

5}

Z4 = §+§i Z5= —+Ii
4 4

. 1 3. 3.
20=0, z1=1, 2= =4+—=1, z3=1+-—1,
0 1 2 2 3 4
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A, A;
A
A N
As
Ao Xy
0 1 -

3)a- a, =Areaof (IAA ) =%IAk x |Ak+1xsin(%j =%IAK2

2
1( 2 1
- 2(7 IAHJ 172" %= 2%

N

1A =

N

Then, a, is the general term of geometric sequence of initial term a, =

and of common ratio r =

n+1
n+1 1_(1) n+l

limS, =1

nN—+o0

: 2 2 2 2 4 2
IV-1) a- p (of gettingB, B, B,B,R) = = x—=x—x—x— =
VeI )= 6767676 6 243
b- To get a red ball from the 5 drawn balls is to get:
(R,B,B,B,B)or (B,R,B,B,B)or (B,B,R,B,B)or (B,B,B,R,B) or (B, B, B, B, R)

. 2 10
Then p (of getting 1R and 4B)= 5x — =——
P (of getting )= s a3
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c- The event : getting at least one blue ball is the opposite of the event: the 5 balls are red,

then :
5

p (at least one blue ball)=1- 4 = 211

6 243

2) a- Designating by B the event : the drawn ball is blue
Ui : the ball comes from Ui

p(B) = pU,)x p(B/U,) + p(U,) x p(B/U,) + p(U,) x p(B/U,)
o@)-L1x2,.1,3,1,5.5
36 36 3 6 9

p(U,B) 18

b- p(U,/B) = _
POB= e 5
9

V-A.1) lim f(x)= Iim(x_ljx lim (Inx — 2) =1x (+o0) =

X

lim £ (x) = IIm(Xxljx Iir(g(lnx—Z):(—oo)x(—oo) = 400

2) f isdifferentiable over ]JO ; + o[ since it is the product of two differentiable functions
on ]0; +oo]
F/(x) = X2 X+1(| nx—2)+ X1t L axix—3)
X X X

3a- g'(x)= 1 +1> 0for all x €]0;+o0[, then, g is strictly increasing over ]0;+od[
X
b- |irTolg(X)=—oo and lim g(x) =+o0

g is continuous and strictly increasing and g(x) varies from —oo to + 0o so the equation
g(x) = 0 has one unique solution « .

g(2,20)=1In(2,20)+220-3 ~-0,01<0

g(2,21)=1In(2,21) + 2,21 -3 ~0,002 >0

Then?2,20< < 2,21

c-g(x)<0for 0<x< a and g(x)>0for x>a
g(x)=0forx=«

Faculty of Engineering — Lebanese University
All the Entrance Exam Sessions are available on www.ulfg.ul.edu.lb



LEBANESE UNIVERSITY
FACULTY OF ENGINEERING

4) a- f'(x)has the same sign as g(x), then the table of variations of fis:

X 0 a + 00
(%) . 0 +

f(X) + o0 + 00
\ | /

f(

b- f(a)=F"Lna—2)and Ina+a—-3=0
(04

—(a-1°

then f(a) =a—_l(—a+3—2)=
(04 (04

220<a<2,21then1,20< ¢-1<1,21
and 1,44 < (« -1)% <1,4641

therefore

1 1 1 1,44 (a-17% 14641
— < =< then < <

221 o 2,20 2,21 o 2,20

and consequently —0,67 <f () <-0,65
5) a-f(x)=0 gives (X—_lj(lnx—z):o so x=1or x= ¢
X

Then the curve (C) cuts the axis x'x at two points of abscissas 1 and e”and since f (a )<0
then 0<1< a and e’>a

X I 0 1 a e + o0
f(x) + 0 -f(a)- 0 +

Then f(x)>0for 0<x<lor x> ¢’
f(x) <0for1l<x< e?then f(x) <0 ifand only if x €]l;e’[

b-f(1)=0andf(e®’)=0.(wegetf=1 and y=¢%)

Faculty of Engineering — Lebanese University
All the Entrance Exam Sessions are available on www.ulfg.ul.edu.lb



LEBANESE UNIVERSITY
FACULTY OF ENGINEERING

X—>+0 X X—>+0 X

Hence xx is an asymptotic direction.

lim 1) _ Iim{x—_l(

X 0 1 e? + 00
F (x) + 0 - (—
F(x) 0

b- The tangents at (I") at the points of abscissas 1 and e® are parallel to x'x since
F'(1) =F (e?)=0
2) a- Taking u=Intandv'=1, weget:u’ =% and V=t, then,

IIntdt=tInt|:—jdt:xlnx—x+1
1 1

b- F(x)= jx.(tt;lj(lnt —2)dt :I(Int -2 —":—t + %)dt

1
X

= [tlnt—t—Zt—%anHZInt}

1
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:xlnx—x—ZX—%lnzx+2|nx—(—3)

2

:xlnx—3x—In X+2Inx+3
c- IirrgF(x):—oo
d- IimF(X):Iimxlnx(l—i—lln—x+z)+3:+oo
X—>00 X—>00 In x 2 X X
Iimmzﬂo
X—>00 X

e- x=0isa vertical asymptote to (I'), Y'Y is an asymptotic direction of (I') at +
F (1) =0, F (¢?) = 5-¢? ~-2,389

0 2 4 6 8 10 12 13, X

3) For xelL;e’[ , (I) is below X x, then

S =—j f(x)dx=—F(e?) + F(1) =e?’-5~2,390u’ .
1
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