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( 7 points )   Exercise 1 

 

  The complex plane is referred to a direct orthonormal system ),;( vuO . 

  A-  Let A  be the point of affix 10  and )(  the circle of diameter ][OA . 

1- Prove that the points B  and C  of respective affixes ib 31  and ic 48  belong to )(  .  

2- Let D  be the point of affix  id 22 . 

    Calculate 
cb

db




 and 

cb

d


 . Deduce that D  is the orthogonal projection of  O  on )(BC . 

    Draw )(  and plot the points A , B , C  and D . 

  B-  To each point M of plane with affix z , distinct from O , we associate the point 'M  of affix 'z   

         such that 
z

z
20

' . 

1- Prove that the points O , M  and 'M  are collinear . 

2- Suppose in this part that M  belongs to the straight line )(  of equation 2x  . 

    a) Verify that 4 zz  and prove that  '')''(5 zzzz  . Deduce that 'M  belongs to )(  . 

    b) Take a point M  on )(  and plot the associated point 'M .     

 

( 7 points )   2Exercise  

 

    %30  of the students of a high school are members of the " extracurricular activities club " ( EAC ). 

  We know that one quarter of girls and one third of boys of the school are members of the EAC . 

 

  A-  A student is chosen randomly from the high school . Consider the two events : 

    G  :  " the chosen student is a girl "   and  A  :  " the chosen student is a member of the EAC " .     

    1- a) Prove that the probability of the event G  is equal to 
5

2
. 

        b) Calculate the probability that the chosen student is a boy not a member of the EAC . 

    2- We choose a student in the EAC . What is the probability that this student is a girl ? 

 

 B-  To finance the school ceremony for the national day , the  EAC  organizes a lottery .  

    Each day , a student is randomly and independently chosen from the school to hold the lottery . 

    1- Determine the probability that, among the students chosen in a week of 5 days, there are exactly two 

        members of the EAC . 

    2- For any non zero natural number n  , denote by np  the probability that in n  consecutive weeks ,  

        there is at least one member of the  EAC  chosen . Prove that  

n

np

5

10

7
1 








 . 

    3- Determine the minimum number of weeks so that 999.0np .   
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( 7 points )   Exercise 3 

 

    1- Consider the functions f  and h  defined on the interval ]2;1[K  by : 

        )1()1(21)( 2  xnxnxf   and xxfxh  )()(  . 

      a) Prove that the two functions f and  h  are strictly decreasing in K .  

      b) Prove that if Kx  , then Kxf )( . 

      c) Prove that the equation xxf )(  has a unique solution  . 

 2- Consider the sequence  )( nU  of first term 
5

1
0 U  such that , for all natural numbers n  , )(1 nn UfU  . 

     a) Prove that , for all 1n  , 21  nU  . 

     b) We admit that , for all Kx  , 
4

1
)(' xf .  

         Knowing that , for all Kx , we have   xxf
4

1
)( , prove that for all 1n  ,   

          nn UU
4

1
1  .  

     c) Prove by induction that , for all natural numbers n  , 

1

4

1












n

nU  .  

         Deduce the limit of the sequence )( nU  . 

 

( 9 points )   Exercise 4 

 

    The plane is referred to a direct orthonormal system ),;( jiO . 

    Consider the ellipse )(  of equation 1)1(
4

2
2

 y
x

. 

    1- Draw )(  . ( Unit : 2 cm ) 

 2- Calculate the area of the domain interior to )( . Deduce  

2

0

24 dxx  . 

 3- Let 1F  and 2F  be the foci of )(  ( 1F  is the focus having positive abscissa) , )( 1d  the directrix  

     associated to 1F  and );( M  where 1  , a point on )( . 

      a) The tangent )(  to the ellipse )(  at M  cuts )( 1d  at L . Prove that the angle MFL 1
ˆ  is right . 

b) Plot the point M  on )(  and describe a geometric construction of the tangent )(  . 

 4- Let   be the measure in radians of the angle 21
ˆ FMF . 

a) Calculate 1MF  in terms of   and deduce 2MF  . 

b) Prove that 
2

2

316

83
cos









  and determine   when M  is one of the vertices of )(  that belong to  

    the non focal axis . 

         c) Determine the abscissas of the points of )(  that are also on the circle of diameter ][ 21FF .        
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( 9 points )   Exercise 5 

 

        In an oriented plane , consider an equilateral triangle ABC  such that )2(
3

);( 


ACAB .  

  Let H  be the mid point of ][AC  and K  the orthogonal projection of H on ][AB  . 

  1- Let S  be the similitude of center A  that transforms K  into H  

and 'S  the similitude that transforms B  into H  and H  into K . 

Determine the ratio and an angle of each of the similitudes S  and 'S . 

  2- Consider the transformation  'SST   . 

      a) Determine )(HT and precise the nature and the elements of T . 

b) Determine )(CT . Deduce that ACS )('  . 

  3- Let I  be the mid point of  ][AB  .  

a) Justify that K  is the mid point of ][AI  . Deduce that IAS )('  . 

b) Determine the point )(' ISJ  . 

  4- Consider the transformation  ''' SSSf  . 

      a) Determine the nature and the elements of f . 

      b) Prove that JCf )( . Deduce the center L  of 'S . 

  5- The plane is referred to the direct orthonormal system );;( vuA  where ABu
4

1
 . 

      a) Determine the complex relation of 'S .  

      b) Deduce the affix of J  and that of the center L  of 'S .      

 

 

( 11 points )   Exercise 6 

 

      The plane is referred to an orthonormal system ),;( jiO  . 

 

A-  Let T  be the transformation that , to each point );( yxM  , associates the point )';'( yxN  such that 

xx '  and  yxy  2'  . 

   1- a) Prove that MN  is collinear to ji   and the mid point P  of ][MN  belongs to the axis of ordinates . 

    b) Describe the geometric construction of the image N  of any point M of  the plane . 

   2- a) Prove that any point of the axis of ordinates is invariant by T . 

       b) Let )(d be a straight line of director coefficient a  . Prove that the image of )(d  by T  is a straight  

           line )'(d  and that the straight lines )(d and )'(d  intersect on the axis of ordinates . 

 

 

 

 

 

 

 

A B

C

H

K

Figure  41
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B-  1- a) Set up the table of variations of the function  g  defined on ]0;]   by xexxg 21)(  . 

    b) Set up the table of variations of the function  h  defined on [;0[   by xexxh  21)( . 

 

   2- Let )( 1C and )( 2C  be the representative curves of g  and h  respectively  ( It is not required to draw them ) . 

    a) Prove that )( 2C  is the image of )( 1C  by T . 

    b) Prove that the straight line )(  of equation 1 xy  is asymptote to )( 1C  and to )( 2C  . 

    c) Determine the position of each of the curves )( 1C  and )( 2C  with respect to )( . 

 

   3- Consider the function f defined on IR  by 
x

exxf


 21)( . Let )(C  be its representative curve .  

     a) Prove that )(C  is the union of )( 1C  and )( 2C . 

     b) Precise the semi tangents to )(C  at the point A  of abscissa 0 . 

     c) Draw )(C   ( Graph unit  :  2 cm ) .  

      4- Let )(  be the straight line of equation mxy 21  where [1;0]m  . 

     a) Prove that , for all [1;0]m , )(  cuts )(C  at two points : E  on )( 1C  and F on )( 2C  . 

     b) Verify that )(ETF    (T  is the transformation defined in part  A ) . 

   5- Let )( 1t  be the tangent at E  to )( 1C  and )( 2t  the tangent at F  to )( 2C . 

       Knowing that )( 1t  and )( 2t  intersect on the axis of ordinates , deduce that )( 2t  is the image of )( 1t  by T . 
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 Entrance Exam 2017  - 2018          Mathematics (SOLUTION)           July 08  , 2017                                              
                                                                                    ( Program : Lebanese bac )                            

 
        Exercise 1  ( 7 points ) 

 

A-  )(  is the circle of diameter ][OA  of center the point I with affix 5 , the mid point of ][OA , and radius 5  . 

1- 5345  ibIB  then , B  belongs to )( . 

    5435  icIC  then C  belongs to )( . 

2- D  is the point of affix  id 22  ; 

7

1

77

1











i

i

cb

db
 and 

i
i

ii

i

i

cb

d

7

2

)1(7

)1(2

77

22













 .  

 
cb

db




 is real then , )(BCD  ;  

cb

d


 is pure imaginary then , )(OD is perpendicular 

to )(BC . 

 Therefore )(OD is perpendicular to )(BC  at D  ; 

 that is D  is the orthogonal projection of O  on )(BC . 

 Drawing a figure showing )(  , A , B and C  . 

 

 

B-  1- 
zzz

z 20'
  then , 

z

z '
 is a pure positive real number ; therefore )2(0)';( OMOM  and the points 

  O , M  and 'M  are collinear . 

2- )(  is the straight line of equation  x = 2  and M  a point of )(  then ,  iyz  2  with IRy . 

  a) 422  iyiyzz . 

      
zzzz

zz

zz
zz

80)(202020
'' 


   ;   ''

2020400
)''(5 zz

zzzz
zz   . 

      2525)''(5'')5'()5'('2  zzzzzzIM  then , 5'IM  and )(' M  . 

Therefore , 'M  is the point of intersection of )(OM and )( . 

  b) Plotting 'M  on the figure as the point where )(OM cuts )(  .         

 

 

 

 

 

 

I

B

M

)(

)'(

xO

y

A

Figure  5
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  Exercise 2  ( 7 points ) 

A-  It is given that  
10

3
)( Ap  , 

4

1
)/( GAp  and 

3

1
)/( GAp  . 

   1- a) Let )(Gpx  . By the law of total probability ,  

           )/()()/()()()()( GApGpGApGpGApGApAP   , then 
3

1
)1(

4

1

10

3
 xx . 

           Therefore , 
30

1

12

1
x  , then 

5

2
x  ;  that is 

5

2
)( Gp  .  

       b) The required probability is 
5

2

3

2

5

3
))/(1()()/()()(  GAPGpGAPGpAGp  . 

   2- The required probability is 
3

1

10

3

4

1

5

2

)(

)/()(

)

)(
)/( 







Ap

GApGp

Ap

AGp
AGp

(
 . 

 B-  1- The 2 days of choosing a member of the EAC can be selected in 1025 C  ways ;  

        in addition 
10

3
)( Ap  and 

10

7
)( Ap  ; therefore , the required probability is  

          3087.0
100000

30870

10

7

10

3
10

32


















p .  

     2- In n  weeks there are n5  days . Consider the event : 

         E : " no student is a member of the EAC  " ; 

n

Ep

5

10

7
)( 








 . 

         The required probability is 

n

n Epp

5

10

7
1)( 








  

    3- We have to solve the inequality 999.0
10

7
1

5











n

 which is equivalent to   )001.0()7.0( 5 nn n   ; 

        that is )001.0()7.0(5 nnn    ;  87.3
)7.0(5

)001.0(


n

n
n




 . 

        Therefore we need at least 4  weeks for having 999.0np .   
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        Exercise 3  ( 7 points ) 

 

   1- a)
)1()1(

)1(2

1

2

1

2
)('

22 










xx

x

x

x

x
xf  . 

           For all x  in [2;1] , 0)(' xf  then f  is strictly decreasing in K . 

           1)(')('  xfxh  where 0)(' xf  then , for all x  in K , 0)(' xh  and h  is strictly decreasing in K .  

       b) f is continuous and strictly decreasing in K  then , for all x  in K , )1()()2( fxff   where  

           221)1(  nf   and 1591)2(  nnf   then , Kxf )( . 

       c) h  is continuous and strictly decreasing in K  then , ])1(;)2([)( hhKh   where  693.02)1(  nh   

            and 412.0591)2(  nnh   . 

           h  is a bijection of K  into the interval )(Kh  that contains 0  then , the equation 0)( xh  which is 

           equivalent to xxf )(  has a unique solution   in K .  

   2- a) 325.1
13

18
1)( 01  nUfU   then , KU 1 . 

            If , for a certain all 1n , KU n   then , KUf n )( ( proved in 1-b ) ; that is KUn 1 . 

            Therefore , for all 1n , KU n   . 

        b)   )(1 nn UfU   where  KU n   then ,   nn UU
4

1
1  . 

     c) Proof by induction : 

            21   and 21 1 U  then , 11 1  U  and 

11

1
4

1
1











U . 

            If , for a certain all 1n , 

1

4

1












n

nU  , 

nn

nnn UUfU 





















4

1

4

1

4

1

4

1
)(

1

1   

            Therefore , for all 1n , 

1

4

1












n

nU  . 

            0
4

1
1













n

n

im  then , 0


n
n

Uim  ;  


n
n

Uim  . Consequently , )( nU  converges to  . 
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   Exercise 4  ( 9 points ) 

 

      Consider the ellipse )(  of equation 1)1(
4

2
2

 y
x

. 

           1- For the ellipse )(  , the center is )1;0( I  

               and the focal axis is the straight line )(  of     

               equation 1y . 

               2a  , 1b  then , the vertices of )(  are : 

               )1;2(   , )1;2(   , )0;0(  , )2;0(   . 

               Drawing )(  .   

           2- The area of the domain interior to )(  is  

 2 baS   units of area .  

The equation 1)1(
4

2
2

 y
x

 can be written  

 as 
2

4
1

2x
y


  where ]2;2[x then ,  

 dx
xS

 











 


2

0

2

2

4

4
  units of area . 

Therefore  2
4

2

0

2 S
dxx  . 

3- a) An equation of )(  is 1)1)(1(
4

 y
x




 . 

       )( cuts the directrix )( 1d  of equation  
3

4
x  at )1

)1(3

3
;

3

4
( 








L .  

       )1;3(1  MF  and )
)1(3

3
;

3

1
(1








LF  then 011  LFMF  and the angle MFL ˆ  is right .  

       b) M  being given on )( , the perpendicular to )( 1MF  at 1F  cuts )( 1d  at a point L  such that )(ML  

            is the tangent to )(  at M . 

 

4- a)  
3

4

3

4
))(;( 1dMd  then , 

2

3
2)

3

4
(

2

3
))(;( 11  dMdeMF   and  

        
2

3
22 12  MFaMF  .   

 

 b) )1;3(1  MF  and )1;3(2  MF  then , 

)(
1

d

)(



I

x

y

Figure  16 a

)(

1
F2

F

M

L

)(
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2

2

2

2
2

22

21

21
21

316

83

4
34

4
13

2

3
2

2

3
2

)1(3
);cos(cos
































































MFMF

MFMF
MFMF .   

        If M  is one of the vertices on the non focal axis of )(  then , 0  and 
2

1
cos   ; therefore  

        
3

2
   radians  .   

 

                   c) The points of )(  of ordinate 1  do not belong to the circle of diameter ][ 21FF  . 

                       The points of )(  that belong to the circle of diameter ][ 21FF  are the points );( M  where 1   

                       such that 21
ˆ FMF  is right ; they are the points );( M  such that 0

316

83
cos

2

2










  ; 083 2   ;  

                       
3

2
2   or 

3

2
2 .   

                       Therefore , the points of )(  that are on the circle of diameter ][ 21FF  are the 2 points of abscissas  

                       
3

2
2  and the 2 points of abscissas 

3

2
2 . 

 

 

        Exercise 5  ( 9 points ) 

 

1- The similitude S  of center A  transforms K  into H . 

    The triangle AKH  is semi equilateral then , the ratio of S  is 2
AK

AH
 and an angle of S  is 

3


. 

    The similitude 'S transforms B  into H  and H  into K  where 

    
2

1

6
sin 



BH

HK
 and )2(

3

2

62
);();();( 


 HKHAHABHHKBH  then , the ratio  

     of 'S  is 
2

1
 and an angle of 'S  is 

3

2
. 

 

2- a)   HKSHSSHSSHT  )()(')(')(   .  

      'SST   where S  and 'S  are two similitudes of ratios 2  and 
2

1
of product 1  and angles 

3


 and 

     
3

2
 of sum   then T  is a similitude of ratio 1  , angle   that keeps H  invariant . 

 

     Therefore , T is the central symmetry of center H . 

 

    b) ACT )(  then   ACSS )('  ;  that is   )()(' ASCSS   and ACS )('  . 
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3- a) ACAHAK
4

1

2

1
  then , AIABAK

2

1

4

1
   then , K  is the mid point of ][AI  .  

        ACS )('  , KHS )('  and A  is the symmetric of C  with respect to H then , )(' AS  is the  

         symmetric of ACS )('  with respect to KHS )('  ; therefore IAS )('  . 

    b) IAS )(' , HBS )(' and I  is the mid point of  ][AB  then , JIS )('  , the mid point of  ][IH .   

4- a) 'S  is a similitude of ratio 
2

1
 and angle 

3

2
 and ''' SSSf   then , f  is a similitude of ratio  

     
8

1

2

1
3









 and angle 


23

3

2
  ; therefore f  is a dilation of ratio 

8

1
 having same center as 'S . 

 b) JISASSCSSSCf  )(')('')(''')(  .  

     f  is a dilation of ratio 
8

1
 such that JCf )(  then , 

      its center is the point L  such that LCLJ
8

1
 . 

     'S  and f  have the same center then , L  is the center  of 'S . 

5- The plane is referred to the direct orthonormal system  

    );;( vuA  where ABu
4

1
 . 

 a) The complex relation of the similitude 'S  of ratio 
2

1
  

     and angle 
3

2
 is of the form bzez

i

 3

2

2

1
'



.  

     )0;0(A , )0;2(I  and IAS )('  then b2  ; therefore 2
4

31
' 


 z

i
z . 

 b) )(' ISJ   then , the affix of J  is 
2

33
22

4

31 ii
zJ





  . 

     The affix of the center L  of 'S  is such that 2
4

31



 LL z

i
z  then , 

7

3210

35

8 i

i
zL





 . 
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        Exercise 6  ( 11 points ) 

 

A-  1- a) )(222)'()'( jixjxixjyyixxMN   then ,  MN  is collinear to ji   

. 

          The abscissa of the mid point P  of ][MN  is 0
2

'


 xx
 then , P  belongs to the axis of 

ordinates . 

 

 

     b) Let )(d  be the straight line of equation xy   having jiu   as a direction vector  .  

         M  being any point of plane , the parallel to )(d  drawn through M cuts the axis of ordinates at  

          point P ; the symmetric of M  with respect to P  is the image N  of M  by T . 
    2- a) Let );0( yM  be any point of the axis of ordinates ;  the coordinates of the image of M  by T  are  

            0'x  and  yy '  then , MM '  and M is invariant by T . 

          b) Let )(d be a straight line of director coefficient a  ; an equation of )(d is of the form baxy   where IRb .  

              An equation of the image of )(d  by T  is bxayx  2  ; bxay  )2(  ; therefore , the image of )(d   

              by T  is a straight line )'(d of equation bxay  )2( . 

              The straight lines )(d and )'(d  intersect at the point );0( b  which is on the axis of ordinates . 

B-  1- a) g  is defined on ]0;]   by xexxg 21)(  . 

        0


x

x
eim  then , 


)(xgim

x
 . 

         xexg 21)('  .                    

         Table of variations of g . 

    b) h  is defined on [;0[   by xexxh  21)( . 

        0



x

x
eim  then , 


)(xhim

x
 . 

        xexh  21)(' .                    

        Table of variations of h . 

 

2- a) The relations xx '  and yxy  2'  are equivalent to 'xx   and '2' xyy   . 

        );( yxM  belongs to )( 1C  if and only if  xexy 21 ; that is '21''2' xexxy  ;  

        '21'' xexy  ;  therefore an equation of the image of )( 1C  by T  is xexy  21 . 

        Therefore , )( 2C  is the image of )( 1C  by T . 

 

    b)   0)1()( 


x

xx
eimxxgim   then , the straight line )(  is asymptote to )( 1C  at  ; 

         0)1()(  



x

xx
eimxxhim   then , the straight line )(  is asymptote to )( 2C  at  . 

 

 

 

 

x

)(xg

)(' xg +



0

2

1

x

)(xh



)(' xh +

1

-1

0 2n

2n

_ 0
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c) For all ]0;] x , 02)1()(  xexxg  and , for all [;0[ x , 02)1()(  xexxh   

        then , each of )( 1C  and )( 2C  lies above )( .  

 

3- The function f  is defined on IR  by 
x

exxf


 21)( . 

    a) 











 [;0[)(21

]0;])(21
)(

xifxhex

xifxgex
xf

x

x

 ; therefore )(C  is the union of )( 1C  and )( 2C . 

 

    b) The semi tangent to )(C  at the point A  of abscissa 0 from the left has the slope 2)0(' g  

while 

        the semi tangent to )(C  at the point A  of abscissa 0 from the right has the slope 1)0(' rh  . 

 

    c) Drawing )()()( 21 CCC    ( Graph unit 2 cm ) .  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

)(
)(

A

O
x

y

E

F

)(
1

C

)(
2

C

1

-1

1

2n
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4- )(  is the straight line of equation mxy 21  where [1;0]m  . 

    a) The equation mxxf 21)(   is equivalent to me
x



 ;  that is )(mnx   ;  

)(mnx   ;  

        )(mnx   or )(mnx   . 

        Therefore , )(  cuts )(C  at two points E  and F of abscissas )(mn  and )(mn . 

        For all [1;0]m , 0)( mn  then , )( 1CE  and  0)(  mn  then , )( 2CF  . 

    b) The coordinates of E  are )(mnx   and mmnmngy 21)())((    . 

        The coordinates of F  are )(mnx   and mmnmnhy 21)())((    . 

        The coordinates of the image of E  by T  are )(' mnxx   and    

        mmnmmnmnyxy 21)(21)()(22'    . 

        Therefore FET )(   . 

   5- It is given that the tangent )( 1t at E  to )( 1C  and the tangent )( 2t  at F  to )( 2C  intersect at a point L  belonging  

       to the axis of ordinates . 

      )( 1t  is the straight line )(LE  where  FET )( and LLT )(  since L  is on the axis of ordinates then , the image  

      )( 1t  , which is a straight line ,  is the straight line )(LF  which is the straight line )( 2t  . 


