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Exercise 1 [10 points] Energy transfer and interaction
A small marble (A), of mass ma, is launched with the velocity va towards another small marble (B), of mass mg = o ma,

initially at rest. We suppose that the collision is elastic and that the velocities v, and Vg of (A) and (B), respectively just
after the collision, remain collinear to va.

1. Determine, in terms of o and Va, the expressions of v, and vg.
2.1. Express, in terms of o, the transfer factor n = KE(B)final

KE(total initial of Aand B) '
by the total initial kinetic energy of (A) and (B).
2.2. ldentify the value of o for which this transfer is maximum and specify the corresponding situation.

ratio of the kinetic energy transferred to (B)

3. The collision duration At is short so as to consider that i—lz ~ %. Determine, during At:

3.1. the expression of the variation of the linear momentum AP of (A) and that APg of (B) in terms of ma, o and Va.
3.2. the expression of the force Fas exerted by (A) on (B) in terms of At, ma, o and Va.

0
Exercise 2 [17 points] RC series circuit 1K| 2
The electric circuit, shown in figure 1, is formed of an ideal generator of e.m.f. E=200V,
two resistors (R1) and (Rz) of respective resistances Ri and Rz, a resistor (R) of ==

. . . . - R B
adjustable resistance R, a capacitor (C) of capacitance C, initially uncharged, and a R,
switch K. P ’E]LR

2l g

A-1. Theoretical study of the charging )

At the instant to =0, the switch K is placed in the position 1. At an instant t, the circuit

carries a current i, uc = uag is the voltage across (C) that is charged by g=Cuc. Fig. 1
1. Derive the differential equation that describes the variation of i as a c
function of t. At(1p72s)
—t

2. The solution of this equation being of the form i = A.e =, show that the 4 f,-f'
expressions of A and t; are A = = _and 1 = (R+Ry) C.

R+R; 3 ,,.-"""’
3. Deduce the expression of uc in terms of de E, t and ..

2

A-11. Experimental study of the charging

Experiment 1: We intend to determine experimentally the value of C and 4
that of Ry. To do that, we give R different values and we measure, for each R(Q)
of these values, the duration At at the end of which (C) is practically @ >
completely charged. A device (D) allowed us to obtain the plot of the curve

25 50 5 100

o ) . Fig. 2
giving At as a function of R (Fig. 2). di
1. Justify theoretically the shape of the curve At = f(R). ULE {'MS}['] 0 0.02 0.03 0.04 0.05
2. Referring to the graph, determine C and deduce R. N i[Af
-
Experiment 2: During this experiment, we give R a 2 P
constant value Ro and by means of the device (D), the H“m
plot of the curve giving % as a function of i was obtained 4 ™
(Fig. 3). Ry
1. Determine, using the graph, the value of 1. 5 SN
2. Calculate Ro.
3. Determine the initial value ig of i. Fig. 3
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B- Study of the discharging
When the current becomes nil in the circuit, the switch K is turned to position 2 at an instant chosen as a new origin of
time (to = 0); (C) starts to discharge through (R) and (Rz). At an instant t, the circuit carries a current i, in the real direction,
and (C) is charged by q = C.uc = C.Uae.

1. Derive the differential equation that describes the variation of

i as a function of t. Ec(J)
0.8

t
2. Verify that i = %e = is the solution of the previous
2

differential equation with 1, = (R +R;) C.
3. By means of (D), the plot of the curves giving the electric \\
energy Ec stored by (C), as a function of time, was obtained for
two different values of R.

Eci > forR=Rpz and Ecz — for R = Roe. \I
Referring to the graphs of figure 4: \
3.1. compare, with justification, the values of Ro1 and Roe.
3.2. calculate, between the instants to = 0 and t;, the energy Ny
dissipated by Joule's effect by the circuit for R= Ro1 and that for ms)
R= Ry, and then, conclude. ﬂ‘ t 12 »
3.3. compare the energy dissipated by Joule's effect by the circuit

for R= R to that for R= Rq. between the instants to = 0 and t,. Fig. 4

__,....-"'
=
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Exercise 3 [15 points] Inclined plane and a system in rotational motion
The system (S), shown in the adjacent figure, is formed of a

homogeneous rod (T) fixed on a pulley (P) of radius r = 0.20 m
that can rotate about a horizontal (A) axis passing through its
center. The moment of inertia of the set [(P), (T)] with respect
to (A) is lo. Two particles (A) and (B), each of mass m, that may .
slide on (T), are fixed at equal distance d from (A). The moment
of inertia of the set [(T), (P), (A), (B)] is Ia = lo + 2md?.

An inextensible wire, of negligible mass, wounded around the
groove of (P), is attached at the other end, to a particle (C), of
mass M = 0.20 kg and of center of inertia G, that may slide along
the line of greatest slope of an inclined plane that makes an angle o = 30° with the horizontal.

Take:
- the wire does not slide on the groove of the pulley;
- the forces of friction are supposed negligible;

- the horizontal plane passing through G, position of G at the instant to = 0, and the axis of rotation (A), is the
reference level for the gravitational potential energy;
- g=10m/s%
(S) is released from rest at the instant to = 0. At an instant t, the abscissa of G is X, its velocity and acceleration are v and
a respectively, the angular abscissa of (P) is 0, its angular velocity is 8' and its angular acceleration is 8". We give d
different values, and by means of an appropriate device, we measure, for each value of d, the value v of v at the end of
the distance x1 = 0.50 m covered by G. The measurements are grouped in the table below:

d(m) 0 0.10 0.20 0.30 0.40
vi(m/s) 1.49 141 1.24 1.05 0.89
a(m/s?) 1.99 1.10 0.79
0"(rad/s?) 11.10 5.50 3.95
1x(kg.m?) 0.0121 0.0284 0.0426
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1.1. Show that, at an instant t, the expression of the mechanical energy of the system [(S), Earth], is given by:

ME=%1r02+%Mr202-Mgr 0 sina

1.2. Using the system [(S), Earth], derive the expression of 6" and deduce the nature of motion of the pulley.

2. Complete the preceding table of measurements.
3. Deduce lp and m.

4. We fix each particle at the distance d = 0.10 m. (C) is released from rest at the instant to = 0. At the instant t; = 5.0 s,
we cut the wire, and, starting from ti, an instant chosen as a new origin of time, (to =0), (P) is subjected to a resistive
couple. At an instant t, (P) is moving with an angular velocity 0' and the moment of the resistive couple is .# = -K-0',

with K = 1.10x102 SI. (P) stops after covering 5 turns.

The horizontal plane passing through (A) is the reference level for the gravitational potential energy.

4.1. Derive the differential equation in 8, relative to the system [(P), (T), (A), (B), Earth], knowing that d(% =0,

where # is the sum of the moments of the external forces and couples applied on this system at the instant t.

4.2. The solution of this differential equation is of the form: 0'=a + b.e -
Determine the value of each of these constants a, b and .

t

4.3. Using the system [(P), (T), (A), (B), Earth], determine the duration at the end of which (P) stops.

Exercise 4 [18 points] Study of a ball motion
Consider a ball (B) of mass m = 200 g, taken as a particle,
and a track formed of a rough rectilinear part (AB), of
length AB = 4.5 m, inclined by an angle o with respect to
the horizontal and a horizontal smooth rectilinear part
(BC) (Fig. 1).

The ball is launched from A, at the instant to = 0, with the
velocity Vo. It passes, at an instant t, by the point M where
AM = . At B, we suppose that the speed keeps the same
value Vs when (B) passes from (AB) to (BC).

When it reaches the point C with the velocity Ve, at the
altitude h = 3.2 m from the ground, the ball leaves the part

GPE=0

14

(BC) thus undergoing a free fall towards the ground at D (Fig. 1).

Take:
- the horizontal plane passing through B as the reference
level for the gravitational potential energy.
- g=10m/s%

A- Motion of the ball between A and C

The curves of figure 2 show the mechanical energy ME and

the gravitational potential energy GPE of the system (ball,

Earth) as a function of €.

Referring to (Fig. 1) and (Fig. 2):

1.1. show that, through a point M, the expression of GPE is:
GPE(M)=(9-20)sinac ~ (GPEinJand £in m).

1.2. deduce the value of the angle a..

2. determine Vo, and show that Vg = 3.0 m/s.

3. determine the value f of the force of friction , supposed
constant, between A and B.
4. determine the speed of the ball when it reaches C.

2.5

2.0

15

1.0

0.5

Fig. 1

m
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N

4

3/4



B- Motion starting from C
When it leaves the point C, at an instant to taken as a hew origin of time, to = 0, the ball undergoes a free fall in the

vertical plane Oxy containing Ve of value Vc = 3.0 m/s. At an instant t, the coordinates of the ball are x and y.
1. Applying Newton's second law SF= %, determine, as a function of time t, the expression of the horizontal

component Px = m.Vy and that of the vertical component Py = m.Vy of the linear momentum P of the ball.

2. Deduce that the time equations x and y of motion of the ball in the system of coordinates Oxy are respectively given
byx=3tandy=-5t2+3.2(xandyinmandtins).

3.1. Determine the duration taken by the ball to pass from C to D, just before reaching the hard ground.

3.2. Determine Vyp, the speed Vp and the direction of the velocity Vo of the ball at the point D.

C- Restitution coefficient and successive bounces

In order to determine the restitution coefficient of the collision of (B) with the ground, we measure the duration of each
bounce.

At D, the ball bounces, just after the collision with the ground, with a velocity whose vertical component is written as
Vylz -q Vyp 7 Where g, is a constant, called the restitution coefficient (0 < q < 1).

We take the instant just after the collision as an origin of time, (to = 0), and the impact point as an origin of space.

1.1. Justify that the expression, just after the collision, of the vertical component Py = m.Vy of the linear momentum P
of (B) isPy=-mgt+ mVyi.

_ o

1.2. Deduce that (B) reaches its maximum height at the end of the duration t = % .

1.3. Justify that the duration At; of the first bounce of (B) is Aty = ZYTYI = % .

2. The bounce occurs many times. Show that, after the n™ bounce, (B) goes up with a velocity whose vertical
component is written as Vyn = q".Vyo = "1 Vy1.
3. Deduce that the duration of the n'" bounce is written as At, = q™* At;.
4. The figure below (Fig. 3) shows £n (At,) as a function of n.
Determine q and At,.

y' N
n(At,
0.4
e
=~
0.2 = -
-
N~
~
0 ¢ ] ~L I
1 2 AT N
o
~
-0.2
-04

Fig. 3
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Exercise 1 (10 points)
Elastic collision, conservation of the linear momentum: 05
mAVA + mBVB = mAVA + mBVé
maVa+0= mAVA +a mAVé
Va - VAZ [0 V}’3 (1)
Elastic collision, conservation of the Kinetic energy 0.5
73 mAvﬁ +0=% mAVAZ + 1 mBV]’32
mAvﬁ +0= mAVAZ + o mAVéZ
VZ-Vi2 = a Vg )
1 ) _Va-VZ _aVy
B FO R 7N AAA
Va+Vy =Vg (3)
0.5
(14 (3) = 2Va= (o + 1) Vi = Vg =22
2Va
Finally vg = o 1
_ ﬁ _ ZVA—(1+OL)VA _ (1-a)Va .
@) =>Va=Vg-Va= 1 -Vaz ===
(1-0)Va
Finally v, = BT 1
%vallz.z amp Vg 4.0.V3 4a
LN vie T ma e TN G 1
The transfer coefficient n is maximum for % =
(1+0)? - ax2(1+a) =0< 1+ 20+ 0?-200-202=0=1-a?=0 15
So: o =+ 1 andsince a. >0, then o = 1. (d—”>0,fora<1,ﬂ<0,foro¢>1).
29 da da
Identify the value of o for which this transfer is maximum. 1
It is the case of a head-on collision, the marbles having the same mass:
Vg = Vaand V, =0, so with a total transfer of energy.
The variation of the linear momentum AP of (A) is given by:
= _ T = _ 1— )V — = _ 2 —
APa=F'a-Pa= ma[22 - Vs ] and AP, = - 22280 §, 1
3.1
The variation of the linear momentum APg of (B) is given by: 1
APs=P's-Po=ms V'g = amy 22 and AP = 22281,
The forces other than the force Fag exerted by(A) on (B) compensate each other ; so,
3.2 | according to Newton's second law: 1
Fon = dPs _aPp _ (GamyVy
ABZ T4 T At T (1t o)At
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Exercise 2 (17 points)

Law of addition of voltages Upn = Upa + Uag + Usn.
with uag = uc and according to ohm's law: Upa = Ry i

and ugn =R i. 0.5
E=Riituc+Ri=(Ri+R)i+uc vVt
i is directed towards the armature of charge g;
Al-1. So,i= % & q= C uc;
Then i = C ¢
dt
Deriving with respect to time:
0= (R1+R)—+duC:>(R1+R)—+—|—0 1
Wegetdt & +R)C i=0Vvt
di_ A —t
The solution is i -Aen = =-—eq
dt T1 1
Attheinstantto=0,uc=0andip=A=E=(Ri+R)ip=(R1 + R)A&A-(R R
1
A.l-2 - . i .
By replacing in the dlfferentlal equatlon, we get:
At 1
"L e + (R1+R)CAeT =0 Aeu (—; + e +R)C) 0 is verified at any instant t, .
Then:(-; o R)C) Oandt:=(R1+R)C
—t
Knowing that E=(R1 +R) i + uc,thenuc=E-(R1+R)i=E-(Ry +
Al-3 " 05
Thus, uc = E(1-ew).
Practically, At =5 11 = is the duration after which the capacitor becomes completely
(1Asi') charged. 1
1 At=517=5(R1+R) C=5C.R +5R;C, is an equation of the form At=aR + b,
Where b =5R;C and a = 5 C is the slope of the straight carrying the curve.
The slopea=5C = %and C = 0.4x10%= 4x10° F or 40 uF.
All 1
(1st)- . . . .. 2
> | The constant b is written (ordinate at the origin), b =5 R:C = 2x10° 1
X -2
and R; = ——_ =100 Q.
5x40x10
From the differential equation, we get i i:
A.ll " 1
(2nd)- | - T— is then the slope p of the straight line carrying the curve.
1. e 05
p—-i— 20— _125and 11 = — = 0.008 s.
1, 0.04—0 125
All 0,008
(2nd)- | Knowing that t1 = (R: + Ro) C, then Ro = = — R1= 40;10_6 —100 =100 Q. 0.5
2.
nd)- | Atts =0, tco = 0, 50: E = (R + Ro) o, thent fo = —F— =20 =1 A
(22 )- 0="0, Uco =0, s0: E = (R1 + Ro) Io, then: io = (Ri+Ro) ~ (100+100) = L
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Exercise 2 (17 points)
At the end of charging uc = E
So, at the instant to =0, uco = E.
At an instant t, i, is in the real direction, is directed towards the armature carrying the
charge (-q). 1
. dq _ duc duc _ i
=g Cgandg=-¢
B-1. | Law of addition of voltages: uan = Uag + Usn With Uag = Uc and
according to Ohm's law: uan = Rz iand usn =- R i.
RziZ-Ri+U03Uc=(R2+R)i 1
Deriving with respect to time; e = (R R) Friake é
1
The differential equation is written: E (R2+R)C =0
i _F ‘_t .di_ E e;_zt
TRiRp T @ L (R4Ry)
Replacing in the differential equation'
B-2. —t 15
Eew 1 E = _ E ez
T(RIRy) | (Ry+RIC(RFRy) © ~ (R+Ry) [- ; (R2+R)C] =0 vt
T2 = (R +R2)C
-t
Eci=% Cu%l; Ucy = E ew1 ;11 = (Rz + R01) C
—t
Eco=12 Cu?z; Ucz = E ez ; 15 = (Rz + Roz) C
B- | Ry 22 Rez 1
SR T the case Ro1, the discharge takes more time that of the case Roo.
S0, since t21 > 122, then Ro1 > Roz.
For Ro1: between to =0 and t; 0.5
Ew1 =0.8J-0.3] =0.5J '
B- | For Roz: between to =0 and t; 0.5
3.2. | Em»=0.8]-0.15] =0.65J '
Einz > Ewm1 withe Ro1 > Roa.
th2 th1 WITNE Ro1 02 05
B- Forty=0> (Ec1)o = (Ecz)o =1 CEZ2 1
3.3. | For t,, we have a complete discharging, then Eiy = Eine = %2 CE?
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Exercise 3 (15 points)

1.1.

At the instant t, the mechanical energy of the system is: ME= %2 I, 62 + Y2 Mv2— M g h
The wire does not slide, then x =r 0, v=r 6 and
a=r0.and also, h = x sina.

0.5

1.2.

The initial mechanical energy of the system is
nil : ME (0) = 0.

Due to the absence of dissipative forces, then
the mechanical energy of the system is
conserved.

Then: Y21, 62+ %M r202-Mgr0sina=0
and %(la + M r2) 62 =M g r 0 sino.

The derivative with respect to time of the

equation gives:
Yo(la+ M 12208 =Mgr0sina ; but 6 = 0 during motion, then:

»+ _Mgrsina _

6= LL+Mr2 constant.

~ _ 0.2x10x0.2x0.5 _ 0.2 )
T I, +0.2x(0.2)2 1, +0.008 (rad/s)

The rotational motion of (P) is uniformly accelerated

2 2
= Vi 1Y 4922222 mis?.
2x;  2x0.5

6=2=5a 1,+0.008=2> = I,= 1> 0008

r

d(m) 0 0.10 0.20 0.30 0.40
vi{m/s) 1.49 1.41 1.24 1.05 0.89
a(m/s?) 2.22 1.99 1.54 1.10 0.79
B"(rad/s?) 11.10 9.95 7.70 5.50 3.95
Iy(kg.m?) 0.010 0.0121 0.0180 0.0284 0.0426

2.5

Ia=1lo+2md% Ford=0, (Ia)o=lo=0.010 kg.m2,
(1)1 = lo + 2 md? = 0.010 + mx0.02 = 0.0121 kg.m?

0.0021

andm = =0.105 kg.

0.02

4.1.

System [(P), (T), (A), (B), Earth]: GPE =0
and ME = KE = % I, 0and % = MO = dd#z 1,6 0"

So0: 1, 66" =-K 60" (0" = 0 during motion)
We get, 0" + Xo=0

Ia

2.5

4.2.

O=a+be?”=0"=-blret"

¢ K K s K
blreV+—a+—be"=0=—a+be?(-1/r +-)=0
IA IA IA IA

o i K_ 1 _Ia_ 00121
Identifying, we get: a =0, LT and t= 1= 1.10x10-3'

We have: d = 0.10 m = I, = Ia = 0.0121 kg.m?.
0" =9.95 rad/s?; 6= 0 so b=0'g = 0'1 = 49.75 rad/s

so;t=11s.

4.3.

The integration gives us: 0 = -11x49.75 e*! + constant.
But, at t =0, 6=0 then constant=547.25

Thus, 6 = 547.25 (1 — e 1Y)

(P) stops: 5turns = 6 =5x 2n =10 ww rad

S0: 10 T = 547.25 (1 — e,

t =—111n(0.9426)=0.65s

2.5
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Exercise 4 (18 points)

The expression of the gravitational potential energy GPE of the system (ball, Earth) is
given by:

A- | GPE(M) = m g hy where hy = MB.sina. = (AB - {)sina.. 15

1.1. | and ha = (4.5 - £)xsina. '
So, GPE(M) = 0.2x10(4.5 - £)xsina. = (9 — 20) sina.

(GPE inJ and € in m).
A- | Attheinstantto=0, £ =0 and GPE(0)=1.8 J. 15

1.2. | So, 1.8 =9sina and sina. = 0.2 then o = 11.5°. '
We have KE = ME —-GPE.

At A: (1=0) KE(A)=2.2-1.8=0.4. 1

A-2. | KE(A) =% m VZ =% x0.2xV¢ = 0.4 and Vo = V4 = 2.0 m/s. 1
AtB: KE(B)=0.9-0=0.9J.

KE(B) =% m V3 = % x0.2xV3 = 0.9 and Vs = V9 = 3.0 m/s.
The variation in the mechanical energy between A and B is equal to the work done by
the force of friction because the work done by the normal reaction is zero:

A-3. | AME = Wg(f) 15
So, Was(f) =ME(B) -ME(A) =0.9-22=-13J.

We have WAB(?) = - f.AB, the value of the force of friction is f = 1—'2 =0.29N
Between B and C, the mechanical energy of the system is conserved [part (BC) is
A-4. | smooth]. 05
" | Since GPE =0, then we have a conservation of kinetic energy, then the speed at B and C '
are equal Vc = 3.0 m/s.
Attg= 0, Vox=Vc=3.0 m/s and VOy =0
Xo=0andyo=h=3.2m
The only force acting on (B) is its weight w =mg=-mg7.

B-1. | Newton's second Law: F = % = % =-mg7; by integration, 15
The linear momentum P=-mgtj+D.At,=0,P(0)=mVc=mVciandP=-mgtj
+mVc 1
Then: Pxk=mVcandPy=-mgt
We have Vy = V¢ = constant, and Vy = % =V = constant, then x = V¢ t + Cy.
Attp=0,X=%x=Cx=0andx=3t(Xxinmandtins)

B-2 VYe have Pydjmvyz-mgt, thenVy=-gt. 1
SmceVy=E= -0t
Theny=-%gt?>+C,.

Atto=0,yo= h=Cysoy=-%gt?+handy=-5t*+3.2(yinmandtins)
B-

31 | Atthe pointD, yp =0 and 5t2+32=0andt= \/3;2 =+0.8s 1

Vyp = - 10x0.8 = - 8.0 m/s. T
g. |Vo=(VE+Vi=v3Z+87=854mss.
3 B 15

3.2. |[tan0= 5= 0.375et6=20.6" 7
0 =tan’( )= 20.6°. Vel N
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dp

We have, according to Newton's second law, i

mg7y

:% =-mgandPy=-mgt+C.

1.1 !
Atto=0,Ppo=mVy=CandPy=-mgt+mVy.
Then Vy = - gt + Vy1.
c- | The ball reaches its maximum height at the instant 7 : Vy =0, thenVy=-gt+Vyu=0;
1.2. | Thus, =22 = % 05
Relying on the symmetry of motion, the duration of the upwards phase is equal to that of
C- | the fall and the duration of the first bounce At; is given by: 05
1.3. '
€ Aty =2t and At = 2 Zq“g/yD‘ = Z‘ZYD‘
C-2 During the second bounce, we get: Vy, = q [Vy4] since q is a constant, then Vy, = ¢? |Vyol; 1
| We get Vyn =" [Vyo| = "V,
The duration At; = ZYT” , the duration At, = ZVTYZ = q@ =q AL
c.3 (Ats = ZYTY:" =q %z q At = g?At;) and that of the nth bounce becomes: n
. Aty = 2 [Vynl _ qn'l. 2 Vyll
g
We get, At, = g™ Atswhich is verified for every value of n
Since At, = g™ Aty, then €n (Atn) = (n-1) €nq + €n(At1) = n €n(q) -n(q) + &n (Aty).
Thus, £n(q) is the slope of the straight line carrying the curve:
-4, -
= tn(q) ===+ =-0.107 and g = 0.90 2

Forn=1, {n (At;) = (n (Aty) = 0.31 et At; = 1.36 s.
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