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   I- (1.5 pt )  Consider the three complex numbers ia 1  , ib 23  and ic 51  . 

                          Prove that a
b

c
  . Deduce that  

43

2
arctan5arctan


  .  

 

  II-  (1.5 pt )  A bag contains three tokens A  ,  B  and  C   such that : 

   A  has two red faces , B  has two white faces and  C  has one red face and one white face . 

    A token is selected at random from the bag and then thrown on a table .  

    Knowing that the visible face is red , calculate the probability that the second face is also red  .   

   III-  ( 4 pts )  Consider the two sequences )( nU  and )( nV  defined for 1n  by 

n

n
n

U 









1
1 and 

1
1

1













n

n
n

V . 

                1- Let g  be the function defined on [;0[   by )1()( xnxxg    .  

                     a) Set up the table of variations of g  . Deduce that , for all 0x  , xxn  )1(  . 

                     b) Calculate )( nUn  and prove that , for all 1n  , eU n  . 

                2- Let h  be the function defined on [;0[   by )1(
1

)( xn
x

x
xh 


   .  

                     a) Set up the table of variations of h  . Deduce that , for all 0x  , 
x

x
xn




1
)1(  . 

                     b) Calculate )( nVn  and prove that , for all 1n  , eVn   . 

                3- a) Prove that , for all 1n  , nnn U
n

UV
1

  . Deduce that , for all 1n  , 
n

e
UV nn    . 

                    b) Prove that , for all 1n  , nnn UVUe 0  .  

                    c) Deduce that e
n

n

n













1
1lim  . 

            IV-  ( 5 pts )  Given 3  collinear  points A , F and O  such that  

 

                   1AF  and 8FO . Let )(  be a variable circle tangent to )(OA  at A . 

                 The tangents to )( , other than )(OA , drawn through O  and F  intersect at L . 

    1- Prove that , as )( varies , L  moves on an ellipse )(E  to be determined . 

           2- The plane is referred to a direct orthonormal system ),;( jiO  such that  iOF 8 . 

 

OFA
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       a) Prove that 1
925

)4( 22


 yx

 is an equation of )(E  . 

          b) Knowing that O  is a focus of )(E , determine an equation of the associated directrix )(d .   

        3- a) Determine the points of intersection P  and Q  of  )(E  and the axis of ordinates . Draw )(E  . 

                 b) P  being the point with positive ordinate , the tangent )(  to )(E  at P cuts the non focal axis of  

                                )(E  at T . Prove that T  belongs to the auxiliary circle of )(E .               

              4- Let );( 00 yxS  be a point of )(E  such that  00 y  .  

         a) Prove that the tangent )(  to )(E  at S  cuts the directrix )(d  at the point L  of ordinate 
0

0

4

9

y

x
 . 

         b) The straight line )(OS cuts )(E  again at a point 'S . Prove that the tangent )'(  to )(E  at 'S  cuts  

            the directrix )(d  at the same point L . 

 

 

  V- ( 6 pts )  Consider in an oriented plane a straight line )(d  and a point O  not belonging to )(d . 

                      Consider on )(d , 3  points A  , C  and E  such that CEAC 2  and construct the right isosceles triangles 

                     OAB  , OCD  and OEF  such that  
2

);();();(


 OFOEODOCOBOA    )2(   . 

           Let  I , J  and  K  be the mid points of ][AB  , ][CD  and 

][EF  respectively . 

   1- Prove that the three points B , D  and F are collinear 

               on a straight line )( 1d  perpendicular to )(d . 

                  2- Determine the ratio and an angle of  the similitude S    

                                  of center O  such that IAS )( . 

           3- Determine )(CS  and )(ES  . 

                     4- Prove that I , J  and K  are collinear on a straight line                           

                          )( 2d  and calculate 
JK

IJ
 .      

                               5- Prove that the centers of gravity of the triangles OAB ,    

                                   OCD  and OEF  are also collinear on a straight line 

  .                               )( 3d  parallel to )( 2d  . 

                  6- Refer the plane to the direct orthonormal  system                       

),;( vuO  such that )2;5( A  and )2;1( C  . 

a) Determine the coordinates of E  . 

 

 

 

 

CA

O

B

D

E

F

(d )

I

J

K
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                                    b) Determine the complex expression of S  .  

                                    c) Determine the coordinates of each of the points  I  , J  and K   and verify that these points are collinear . 

                                    d) Determine the coordinates of each of the points  B  , D  and F and verify that these points are collinear . 

 

   VI-  ( 7 pts )  Consider the function f  defined on the interval ]
2

;
2

[


K   by xexf x cos)(  . 

    Let )(C  be the representative curve of f  in an orthonormal system ),;( jiO .   

    1- a) Prove that 









4
cos2)('


xexf x

 then solve the equation 0)(' xf  in the interval K . 

        b) Prove that  f  is strictly increasing on ]
4

;
2

[


  and strictly decreasing on ]
2

;
4

[


 . 

        c) Set up the table of variations of  f  . Verify that 55.1)
4

( 


f . 

    2- a) Verify that )
4

(2)(' 4







xfexf  and prove that xexf x sin2)("   . 

        b) Study the concavity of )(C  and determine its point of inflection I  . 

        c) Determine an equation of the tangent )(T  to )(C at  I  . 

        d) Draw )(T  and )(C    ( graph unit : 2 cm ) . 

    3- a) Determine the real numbers a  and b  so that the function 
xexbxaxF )sincos(:   is an antiderivative of  f  . 

        b) Calculate the area of the domain bounded by )(C  and the axis of abscissas . 

    4- a) Prove that f  has on the interval ]
4

;
2

[


  an inverse function g .       

       b) Determine the domain of  definition of g  . 

    5- Let )'(C  be the representative curve of g  in the same system as )(C  . 

       Prove that the tangent to )'(C  at the point  of intersection with the axis of  abscissas is parallel to )(T  . Draw  )'(C . 
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I-  We have ia 1  , ib 23  and ic 51  .  

     ai
i

ii

ii

i

i

b

c













 1

13

1313

)23)(23(

)23)(51(

23

51
 .  

 OR  ciiiiiba  512323)23()1(  .  Therefore , a
b

c
  . 

        a
b

c
  gives )arg()arg( a

b

c
  ;  that is )arg()arg()arg( abc    where  

         ▪ )2(
4

)arg( 


a    ; 

▪ An argument of b  is   such that [
2

;0]


   and 
3

2

)Re(

)Im(
tan 

b

b
  then )2(

3

2
arctan)arg( b    

▪ An argument of c  is   such that [
2

;0]


   and 5
)Re(

)Im(
tan 

c

c
  then )2(5arctan)arg( c    

  Finally )arg()arg()arg( abc   gives 


k2
43

2
arctan5arctan    where Zk  . 

  But 
23

2
arctan5arctan0


  ,  then 

43

2
arctan5arctan


  .  

 

II- Consider the event  R  : "  the visible face is red " . 

       Since the token A  is the only token that has two red faces , the required probability is )/( RAp . 

      All tokens have the same probability of being selected ; that is 
3

1
)()()(  CpBpAp  . 

▪ If token  A  is selected and thrown then , the visible face is necessarily red ; that is 1)/( ARp  . 

▪ If token  B  is selected and thrown then , the visible face is necessarily white ; that is 0)/( BRp  . 

▪ If token C  is selected and thrown then , the visible face is either white or red and 
2

1
)/( CRp   

  
)(

)(
)/(

Rp

RAp
RAp


  where : 

▪ 
3

1
1

3

1
)/()()(  ARpApRAp  
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▪ )()()()( RCpRBpRApRp   

   
2

1

2

1

3

1
0

3

1

3

1
)/()()()(

3

1
)(  CRpCpBRpBpRp . 

   Finally , 
3

2

2

1

3

1

)(

)(
)/( 




Rp

RAp
RAp  . 

 

III- 1- The function g  is defined on [;0[   by )1()( xnxxg     

    a) 






 


 x

xn
xxg

xx

)1(
1lim)(lim


 .                                                           

                    
x

x

x
xg







11

1
1)('  .                    

          

     The function g  admits 0  as an absolute minimum when 0x  ; 

      therefore , for all 0x  , 0)( xg  ;  that is xxn  )1(  .                   

   

   b) ▪ 









n
nnUn n

1
1)(   .  

         ▪ For 
n

x
1

  , xxn  )1(  gives 
nn

n
11

1 







   ;  therefore 1)( nUn  . Hence eU n   . 

      2- The function h  is defined on [;0[   by )1(
1

)( xn
x

x
xh 


   .  

     a) 1
1

lim 
 x

x

x
 ;  then 


)(lim xh

x
 .                                                           

                       
22 )1(1

1

)1(

1
)('












x

x

xx
xh  .                    

         The function h  admits 0  as an absolute maximum when 0x  ; 

          therefore , for all 0x  , 0)( xh  ;  that is 
1

)1(



x

x
xn  .                   

     b) ▪ 









n
nnVn n

1
1)1()(   .  

         ▪ For 
n

x
1

  , 
1

)1(



x

x
xn   gives 

1

11
1













nn
n   ;  therefore 1)( nVn  . Hence eVn   . 

 

 

 

x

h(x) 

0

h'(x) 0
_

0



Figure  4

x

g(x)


0

g'(x) 0 +

0



Figure  3
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3- a) ▪ For all 1n  , n

nnn

nn U
nnnnn

UV
1

1
1

1
1

1
1

1
1

1

1








































 .  

        ▪ The relation  eU n    gives 
n

e
U

n
n 

1
  then , 

n

e
UV nn   . 

    b) ▪ The relation  eU n    gives 0 nUe  . 

        ▪ The relation  eVn    gives nnn UeUV  . 

           Therefore , for all 1n  , nnn UVUe 0  .  

    c) ▪ The relation nnn UVUe 0  where 
n

e
UV nn   gives 

n

e
Ue n 0       

        ▪ 0lim 
 n

e

n
 then ,   0lim 


n

n
Ue  ;  that is eUn

n



lim  ;  e

n

n

n













1
1lim   

 

IV-  1- We have 9OAOT  , 1'  FAFT  and 'LTLT  . 

     LTLTOTLO  9   and  1'''  LTFTLTLF  . Therefore FOLFLO  10 . 

 

      

 

 

 

 

 

 

 

 

 

 

 

 

 

 As )(  varies , L  moves on the ellipse )(E of foci O  and F   and of major axis length 102 a . 

  

 

2- a) In the given system )0;0(O and )0;8(F . 

         ▪ The center of the ellipse is the mid point )0;4(  of  ][OF .  

         ▪ The focal axis is the axis of abscissas . 

 

 

OF

Figure  5

T '

L

T

A


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         ▪ 102 a  and 82 OFc  ; then 322  cab  . 

          An equation of this ellipse )(E  is 1
925

)4( 22


 yx

 . 

     b) For the ellipse )(E , the focal axis is the axis of abscissas . 

         The directrix corresponding to the focus O  is the straight line )(d of equation 
4

9
4

2


c

a
x . 

3- a) ▪ The axis of ordinates is the perpendicular to the focal axis at the focus O  of )(E  ;   

            therefore it cuts  )(E  at two points P  and Q  such that 
5

9
 pOQOP . 

OR  ▪ The ordinates of the points of intersection of the axis of ordinates and )(E  are the solutions of the  

          the equation 22525)40(9 22  y  ; 8125 2 y  ; 
5

9
y   or  

5

9
y  .  

           Hence )
5

9
;0(P , )

5

9
;0( Q . 

   ▪ The principal vertices of )(E  are the points of the focal axis of abscissas 14  a  and 94  a ; 

       these points are )0;1(A and )0;9(' A . 

   ▪ The secondary vertices of )(E  are the points with abscissa 4  of ordinates 3b  and 3b  ; 

      these points are )3;4(B and )3;4(' B . 

   ▪ Drawing )(E . 

 

 

 

 

 

 

 

 

 

 

 

 

    

 

 

 

 

     

AA'

B

B'

I

P

Q

T')(

N O
x

y

(E )

(d )

S

S'

)(

)'(

L
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   b) An equation of the tangent )(  to )(E  at )
5

9
;0(P  is  1

9
)4(

25

)4(



y

y
x

x PP   

  0954:)(  yx  . 

  )( cuts the non focal axis of )(E  at  )5;4(T   

  The auxiliary circle of )(E  is the circle  )(  of center )0;4(I  and radius 5a  .  

  5IT  then )(T . 

 

4- a) An equation of the tangent )(  to )(E  at );( 00 yxS  is 1
9

)4(
25

)4( 00 


y
y

x
x

 . 

  )( cuts the directrix )(d  at the point );
4

9
( yL  such that 1

9
)4

4

9
(

25

)4( 00 


y
yx

 ;  then   
0

0

4

9

y

x
y   . 

b) The straight line )(OS cuts )(E  again at a point );(' 11 yxS  such that 
0

0

1

1

y

x

y

x
   

    since O  , S  and 'S   are collinear .             

    The tangent )'(  to )(E  at 'S  cuts the directrix )(d  at the point of ordinate 
0

0

1

1

4

9

4

9

y

x

y

x
   

     which  is the point L  . 

 

V- 1- The triangle OAB  is direct and right isosceles at O  ;  then OBOA   and 
2

);(


OBOA    )2(  . 

    Therefore )(ArB   where r  is the rotation of center O  and angle 
2


 radians . 

    Similarly , )(CrD   and )(ErF   . 

    The points A  , C  and E  belong to the straight line )(d ; therefore their images B  , D  and F  by r   

    belong to the image of )(d  by r  which is a straight line )( 1d  perpendicular to )(d since the angle of r  is 
2


  

 

   2- The triangle OAB  is direct and right isosceles at O  and I  is the mid point of ][AB  ; then  

      OAOI
2

2
  and 

4
);(


OIOA    )2(  . Therefore , the similitude S  of center O  that transforms  

     A  into I  has the ratio 
2

2
 and an angle of  

4


 radians . 
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   3- The triangle OCD  is also direct and right isosceles at O  and J  is the mid point of  ][CD . Therefore  

       
4

);(


OJOC  and OCOJ
2

2
  .  Hence JCS )(  . 

        Similarly , KES )(  .       

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

       

 

  

4- ▪  The points A  , C  and E   belong to the straight line )(d  ; then their images I , J and  K  by S  , 

         belong to the image of )(d by S  which a straight line )( 2d  . 

     ▪  IAS )(  , JCS )(  and KES )(  then ACIJ
2

2
  and CEJK

2

2
  . Therefore 2

CE

AC

JK

IJ
 .  

  OR   The points A  , C  and E   are such that CEAC 2  ; then their images I , J and  K  by S  , are such  

           that JKIJ 2 ;  therefore I , J and  K  are collinear  and  2
JK

IJ
 . 

                                  

 5- Let P , Q  and R  be the respective centers of gravity of the triangles OAB  , OCD  and OEF . 

     These points are such that OIOP
3

2
  , OJOQ

3

2
  and OKOR

3

2
  . 

CA

O

B

D

E

F

(d )

I

J

K

(d2)

(d1)
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     Hence P , Q  and R  are the respective images of I  , J  and  K   by  the dilation h  of center O  and ratio 
3

2
      

     The points  I , J  and  K  belong to the straight line )( 2d  ; then their images P , Q  and R  by  h  belong to 

      the image of )( 2d  by h  which a straight line )( 3d  parallel to )( 2d  . 

     

6- Refer the plane to the direct orthonormal system ),;( vuO such that )2;5( A  and )2;1( C  . 

       a) Let );( yxE  . The relation CEAC 2  is equivalent to 6)1(2 x  and  0)2(2 y  ;  then 

           4x   and  2y  .  Finally , )2;4( E  . 

       b) )
4

;
2

2
;(


OSS   ;  the complex expression of  S  is zizez

i

)1(
2

1

2

2
' 4 



 . 

       c) )(ASI  ;  then  iiiziz AI
2

7

2

3
)25()1(

2

1
)1(

2

1
  . Therefore )

2

7
;

2

3
( I  . 

                       

         )(CrJ  ;  then  iiiziz CJ  2)21()1(
2

1
)1(

2

1
 . Therefore )

2

1
;

2

3
( J  . 

        )(ErK  ;  then  iiiziz EK 42)24()1(
2

1
)1(

2

1
  . Therefore )1;3(K  . 

         Therefore I , J  and K  are collinear on the straight line of equation 2 xy . 

              

  OR   )3;3(IJ  and )5.1;5.1(JK  ;  then JKIJ 2  ;  therefore I , J  and K  are collinear . 

      d) )
2

7
;

2

3
( I  is the mid point of ][AB  where )2;5( A  ;  therefore )5;2( B  . 

          )
2

1
;

2

3
( J  is the mid point of ][CD  where )2;1( C  ;  therefore  )1;2(D . 

          )1;3(K  is the mid point of ][EF  where )2;4( E  ;  therefore  )4;2(F  

  OR    )
2

;(


Orr   ;  the complex expression of  r  is ziz '  . 

           )(ArB   ;  then iiiziz AB 52)25(  ;  therefore )5;2( B  . 

           Similarly , )(CrD   and )(ErF   ;  therefore  )1;2(D  and )4;2(F  . 

           The three points B  , D  and F  are collinear on the straight line of equation 2x . 

 

  

 

 

 

 



                                                                                                             

 

 

Faculty of Engineering – Lebanese University 

All the Entrance Exam Sessions are available on www.ulfg.ul.edu.lb 

 

UNIVERSITE LIBANAISE 

   FACULTE DE GENIE 

 

VI-  xexf x cos)(   , ]
2

;
2

[


x  . 

   1- a) )sin(cossincos)(' xxexexexf xxx   and   

          )sincos()sin
2

2
cos

2

2
(2)

4
sinsin

4
coscos(2

4
cos2 xxexxexxexe xxxx 











. 

           Therefore 









4
cos2)('


xexf x  . 

           The equation 0)(' xf   is equivalent to 0
4

cos 










x  where 
4

3

44


 x  ; therefore  

                   
24


x   ;  

4


x  . 

       b)  If ]
4

;
2

[


x  then , ]
2

;
4

[
4


x  ; therefore 0

4
cos 











x and f  is strictly increasing  ; 

            If ]
2

;
4

[


x  then , ]
4

3
;

2
[

4


x  ; therefore 0

4
cos 











x and f  is strictly decreasing . 

 

  

      c) Table of variations of  f : 

            55.1
2

2
)

4
( 4 




efm  

 

 

  2- a) ▪ )
4

(2)
4

cos(2
4

cos2)(' 444
















xfexeexexf
x

x  .                 

          ▪ xexexfxf xx sin2
2

cos2)
4

('2)(" 










. 

      b) The sign of )(" xf  is the opposite to that of xsin ; therefore : 

          ▪ If [0;
2

[


x  then 0)(" xf  and )(C  concaves upwards . 

           

         ▪ If ]
2

;0]


x  then 0)(" xf  and )(C  concaves downwards . 

         

 

 

x

f (x)

2




0
f '(x)

0
Figure  65
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The point of inflection of )(C  is )1;0(I  . 

      c) An equation of the tangent )(T  to )(C at  I  is  

          1)0('  xfy   ;  1:)(  xyT  . 

 

      d) Drawing )(T  and )(C  . 

 

 

 

 

 3- a) xexbxaxF )sincos()(   ;  xx exbxaexbxaxF )cossin()sincos()('   . 

           The function F  is an antiderivative of  f  if , for all x  in ]
2

;
2

[


  , )()(' xfxF   ; that is  

           xxbaxba cossin)(cos)(   ;  therefore , 1ba  and 0ba  . Finally , 
2

1
 ba  . 

      b) The curve )(C  lies above the axis of abscissas , the required area is 




2

2

)(





dxxfS   units of area . 

         22

2

1

2

1
)

2
()

2
(


 

 eeFFS    units of area  ;   222 )(2 cmeeS




   . 

 

 4- a) The function f  is continuous on ]
4

;
2

[


    ( product of two continuous functions )  and strictly  

           increasing ; therefore f  has an inverse function g whose domain of definition is    

           ];0[]
4

;
2

[ mf 










 . 
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 b) )(C  cuts the axis of ordinates at )1;0(I  and has at this point a tangent line )(T  parallel to )(d . 

           By symmetry with respect to )(d , )'(C  cuts  the axis of abscissas at )1;0('I  and has at this  

           point a tangent line )'(T  parallel to )(d  ;   is )'(T  is parallel to )(T  . 

 

 

  5) The representative curve )'(C  of g  is the  symmetric of the part of )(C  in ]
4

;
2

[


  with  

           respect to the straight line )(d of equation xy  . 
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