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  The distribution of grades is over  25 

 I- (5 pts)  A-   Given the table of variations of  a continuous function   

              g defined on [;0]   by 
x

xn
nmxg


)( .                                                                      

     1- a) Prove that 1m  and 2n  . 

            b) Prove that , for all x  in , 
e

x
nx   .  

     2- a) Prove that the representative curve of any antiderivative of g  on [;0]   admits a point of inflection I . 

         b) Determine the antiderivative G  of g  for which the point I  belongs to the line of equation xy  . 

            B-    Let F  be the function such that 
xnx

x
xF


)(  . 

                    1- a) Using part  A , justify that F  is defined on [;0]  . 

                        b) Prove that F admits an extension by continuity at 0 and define the extension function f of F . 

                        c) Prove that f  is differentiable at 0 . 

                    2- Let )( nU be the sequence defined for INn , by 

n

n
a

an
U 











where a  is a  given real number in [;1]  .                 

                        a) Prove that )( nU  is a strictly decreasing geometric sequence . 

                        b) Let nS  be the sum  defined by nn UUUUUS  3210  . 

                            Calculate nS  in terms of  n  and  a  , then prove that )(lim afSn
n




. 

 II- (3 pts)  The staff of a hospital is distributed into three categories : Doctors )( D , Nurses )( N and Technicians )(T . 

%20  are doctors  and %50  are nurses . 

%75  of the doctors are men and %80  of the nurses are women . 

We ask randomly one member of the staff . 

1- Calculate the probability that this person is : 

     a) a technician   ;    b) a woman knowing that she is a doctor    ;     c) a man knowing that he is a nurse .         

2- Calculate the probability that this person is : 

     a) a woman doctor      ;             b) a woman nurse  .  

3- Knowing that %51  of the staff are women .  

    a) Calculate the probability that the asked person is a woman technician . 

    b) Deduce the probability that the asked person is a woman knowing that she is a technician .  
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III - (6 pts)  A-  1-  Solve the differential equation 02':)(  yxyI   and prove that its general solution can be written 

                   in the form 
2xeCy  where C  is an arbitrary constant . 

       2- Consider the differential equation 0)1(2':)( 2  yxyxII  . 

            Let zxy 2   where z  is a differentiable function defined on IR  . 

            a) Determine a differential equation whose general solution is the function z . 

            b) Determine the function z and deduce the general solution of the equation )(II . 

B-  Consider the functions f  and g defined on IR  by 
2

)( xexf  and 
22)( xexxg  . 

      Designate by )(C  the representative curve of f and by )'(C  that of g . 

      1- Prove that f  is an even function  and set up its table of variations . 

      2- Prove that g  is an even function and set up its table of variations . 

  3- a) Determine the points of intersection of )(C  and )'(C .   

       b) Draw )(C  and )'(C  in the same orthonormal system ),;( jiO    )3:( cmunitGraph   

 4- Let F  be the antiderivative of f  on IR  that satisfies 0)0( F  and G  the function defined on IR  by  

        2

)(
2

1
)( xexxFxG   .  Prove that G  is the antiderivative of g  on IR  that satisfies 0)0( G . 

   5- Given that 75.0)1( F . 

       a) Calculate the area A  of the domain bounded by )(C , the axis of abscissas and the two straight lines of  

           equations 1x  and 1x  . 

       b) Calculate the area 'A  of the domain bounded by )(C , )'(C and the straight lines of equations 1x  and 1x  . 

  6- Let S  be the area of the domain bounded by )(C  and the semi straight lines )[Ox  and )[Oy , and 'S  the area  

      of the domain bounded by )'(C  and the semi straight lines )[Ox  and )[Oy . Prove that '2SS  . 

    

IV- (5 pts)   In the oriented plane , consider a right triangle AOB  such that )2(
2

),( 


OBOA . 

Let )(  be a variable straight line passing through O  . 

H  and K  are the orthogonal projections of A  and B on )( . 

Let S  be the similitude such that AOS )(  and OBS )(  . 

1- Determine the angle of S . 

2- Prove that the center I  of S  belongs to the circles of  diameters ][OA  

     and ][OB  . Deduce that I  is the orthogonal projection of O  on ][AB  . 

3- a) Determine the image by S  of each of )(BK and  )( .  

        Deduce that HKS )( . 

    b) Prove that , as )( varies , the circle )( of diameter ][HK  passes through a fixed point to be determined . 
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4- Consider the dilation  ( homothecy )  h  of center B  and ratio 2 .  

    Let M  be the mid point of ][OB  ; 'O  and 'B  the symmetric of O  and B  respectively with respect to I . 

    a) Prove that ')'( OBS   and determine )(MhS   and )(IhS  . 

    b) Deduce that the median )(IM in triangle  IOB  is a height in triangle 'IAO . 

 

V-  (6 pts)  In the plane referred to a direct orthonormal system ),;( jiO , consider the parabola )(P of equation 

                    )1(42  xy . 

      1- a) Determine the focus , the directrix  )(d and the vertex  V of  )(P .    

          b) Draw )(P  and the tangent )(  to )(P  at V . 

      2- Let A  be a point of  )(P  of  ordinate  a )0( a  , 'A  the orthogonal projection of A  on )( and )(D  the 

    perpendicular to )(VA passing through 'A  .  

     a) Write an equation of )(D and prove that , as A  varies on )(P , )(D passes through a fixed point L  to be  

         determined . 

     b) )(D cuts )(VA at E . Prove that , as A  varies on )(P , E  varies on a fixed circle to be determined . 

      3- The straight line )(OA cuts the parabola )(P  again at B . Let I  be the mid point of ][AB . 

       Designate by C  , D  and J  the respective orthogonal projections of A  , B  and I  on )(d . 

        a) Calculate IJ  in terms of AC  and BD . 

        b) Prove that , when A  varies on )(P , the circle )( of diameter ][AB  remains tangent to )(d . 

   4- a) Let b  be the ordinate of B . Prove that  4ab . 

       b) The normal at A  to )(P  and the normal at B  to )(P  intersect at N .  Prove that N  belongs to )( . 
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 I-   A-   1- The function g  is defined on [;0]   by 
x

xn
nmxg


)( . 

          a) 1)(lim 


mxg
x

 and 
ee

n

e

n
meg

2
11)(   . Therefore  2n  . 

              Finally , 
x

xn
xg


21)(   . 

          b) The given table shows that , for all x  in , 
ex

xn 2
121 


 ;  

e

x
nx     ( 0x  ) . 

      2- a) )()(' xgxG   and )(')(" xgxG   . 

             The sign of )(' xg changes at e ; therefore , the concavity of the curve of G  changes at                      

the point I of abscissa e . Therefore , )(C  has a point of inflection ))(;( eGeI  .          

          b)   Cxnxdx
x

xn
dxxgxG 2]21[)()( 


. 

               I  belongs to the line of equation xy   if and only if  eeG )(  ;  then 1C . Finally  

xnxxG 21)(   .                         

     B-  1- a) For all x in [;0]   ,  x
e

x
nx   . Therefore 0 xnx   and F  is defined    

on [;0]  . 

               b) ▪ The function xnxx   is continuous on [;0]  ; then F  is continuous 

on [;0]  . 

                   ▪ 


][lim
0

xnx
x

  ; therefore 0lim)(lim
00





  xnx

x
xF

xx 
 ( finite limit ). 

                     Therefore F admits an extension by continuity at 0 . 

                     The extension function f  is defined on [;0[   by        
















0)(

0)0(

xfor
xnx

x
xf

f



 

    c) 0
1

lim
0

)0()(
lim

00








  xnxx

fxf

xx 
 (finite limit ) . Therefore f is differentiable at 0  and     

0)0(' f .              

[;0] 
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         2-  a) ▪ 







































a

an
U

a

an

a

an

a

an
U n

nn

n


1

1  ; therefore )( nU  is a    

geometric sequence of common ratio 
a

an
r


   and first term 10 U .                          

                  ▪ 






































 1

1

1
a

an

a

an

a

an

a

an
UU

nnn

nn


  where 0

a

an
 and 

1
1


ea

an
 . 

                     Therefore , 01  nn UU  and )( nU  is  strictly decreasing . 

              b) Since )( nU  is a geometric sequence  and nS   is the sum of 1n  consecutive  

terms , then   

                     

a

an

a

an

r

r
UUUUUUS

n

n

nn 

























1

1

1

1

1

1

03210  .                          

                   Since 10 
a

an
 , 0lim

1













n

n a

an
 ; therefore         

)(

1

1
lim af

ana

a

a

an
Sn

n








 

 

 

II-  1- When a member of the staff is selected at random, there are three possibilities: 

           a doctor )( D  ,  a nurse )( N  or  a Technician )(T  . 

           a) It is given that  2.0)( Dp  ,  5.0)( Np   then 3.05.02.01)( Tp  . 

           b) For each one of the three categories, there are two possibilities: man )(M  or woman )(W  .  

               It is given that 75.0)/( DMp  then, 25.075.01)/()/(  DMpDWp  . 

           c) It is given that 8.0)/( NWp  then , 2.08.01)/()/(  NWpNMp  . 

       2- a) The event  " the person is a woman doctor "  can be represented by WD  ; its probability is  

               05.025.02.0)/()()(  DWpDpWDp . 

           b) The event  " the person is a woman nurse "  can be represented by WN   ; its probability is  

              4.08.05.0)/()()(  NWpNpWNp . 

       3- a) The event  " the person is a woman technician "  can be represented by WT   .  

                By the formula of total probability , )()()()( WTpWNpWDpWp   , therefore  

               )()()()( WNpWDpWpWTp   
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               If %51  of the staff are women  then 51.0)( Wp . Thus       

06.04.005.051.0)( WTp  . 

          b) The probability that the asked person is a woman knowing that she is a technician is equal to  

              2.0
3.0

06.0

)(

)(
)/( 




Tp

TWp
TWp  .    

 

III - A- 1- 02':)(  yxyI  . 

                 ▪ The function 0y  is a particular solution of )( I . 

                 ▪ The other solutions are those of the equation  x
y

y
2

'
  then, Kxyn  2   ;   

IRK  . 

                   
2xK eey  ;   

2xeay   where [0] a   ;  
2xey    where 

*IR . 

                 The general solution of )( I  is  










     where

0

*2

IRey

andy

x 
  which is  

2xeCy   

                 where IRC . 

             2- Consider the differential equations 0)1(2':)( 2  yxyxII  . 

                 a) If zxy 2  then , '2' 2 zxzxy   . 

                     By substitution in the equation )( II  we obtain  0)1(2'2 2232  zxxzxzx  ;  

                     that is 02'  zxz .   

                b) According to part 1) , the general solution of the equation 02'  zxz  is 
2xeCz  . 

                    Therefore , the general solution of the equation )( II  is 
22 xexCy   where IRC . 

                   

 

 

B-  1- ▪ The set IR  is centered at 0  and , for all x  in IR ,   

             )()( xfxf   ; therefore the function f  is even . 

           ▪ 0)(lim)(lim 


xfxf
xx

 ; 

              
2

2)(' xexxf  .                   

    

 

 

 

 

 

 

x

f (x)

0 0

0
f ' (x)

+∞0

1

∞
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 2- ▪ The set IR  is centered at 0  and, for all x  in IR ,  

       )()( xgxg  ; therefore the function g is even 

. 

     ▪ 0lim)(lim)(lim 
 ttxx e

t
xgxg  .            

                               
222

)1(222)(' 23 xxx exxexexxg   . 

 

 3- a) The abscissas of  the points of intersection of 

         )(C  and )'(C  are the roots of the equation )()( xgxf  ;  012 x  ;  1x  or 

1x  . 

         The points of intersection of )(C  and )'(C  are );1( 1 e  and );1( 1e  . 

     b) Drawing )(C  and )'(C . 

 

 

 

 

     

 

 

 

 

 

 

 

4- The function F  is defined on IR  that satisfies 
2

)()(' xexfxF  and 0)0( F  . 

         G  is the function defined on IR  by  2

)(
2

1
)( xexxFxG   .  

         ▪     )(2
2

1
2)('

2

1
)('

222222 222 xgexexeeexexFxG xxxxxx   . 

         ▪   00)0(
2

1
)0(  FG  . 

         Therefore , G  is the antiderivative of g  on IR  that satisfies 0)0( G . 

 5- a) The curve )(C lies above the axis of abscissas then , the required area is 




1

1

)( dxxfA    units of  

         The function is even then,  

(C )

O

Figure  24

x

y

-1 1

(C' )

x

g (x)

∞ 1

e

0

0
g' (x)

+∞0

0

-

0


1

0

1

e 1-
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  5.1]075.0[2])0()1([2)(2)(2)(
1

0

1

0

1

1

 


FFxFdxxfdxxf  . 

          Finally, 5.1A    units of area; that is 22 5.1335.1 cmA  . 

  

b) In the interval ]1;1[  , )(C  lies above )'(C  then , the required area is    

 




1

1

)()(' dxxgxfA  units of area. 

      

        11
1

0

1

0

1

1

1

0

75.0)1()()()(2)()(2)()(
2 



  eeFexxFxGxFdxxgxfdxxgxf x

                     

           Finally , 175.0'  eA    units of area  ; that is 21975.6 cmeA  . 

   

 

6- Let m  be a strictly positive number . 

      In the interval ];0[ m  , )(C lies above the axis of abscissas then , the area of the domain bounded   

by )(C , xx '  , yy '  and  the straight line of equation mx    is equal to )(mI  units of area  . 

      )()0()()()(

0

mFFmFdxxfmI

m

  . 

       Therefore )(lim)(lim)(lim xFmFmIS
xmm 

   units of area .  

       Similarly ,  )(lim' xGS
x 

  units of area .  

       We have  2

)(
2

1
)( xexxFxG   ; then )(lim

2

1
)(lim xFxG

xx 
  since 0lim

2





x

x
ex . 

       Therefore  SS
2

1
'  ;  that is  '2SS  . 

 

IV-   1- The similitude S  is such that AOS )(  and OBS )(  . 

    The angle of S  is )2(
22

);();( 


  OAOBAOOB . 
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   2- I  is the center of S  . 

    ▪ AOS )(  ; then 
2

);(


IAIO  and I  belongs  

       to the circle of diameter ][OA  . 

    ▪ OBS )(  ; then 
2

);(


IOIB  and I belongs  

       to the circle of diameter ][OB  . 

       The only common point , other than O , of these 

       two circles is the orthogonal projection of O   

       on ][AB , then the center I of S  is the  

       orthogonal projection of O  on ][AB . 

3- a) The angle of S  is 
2


; then any straight line and 

        its image by S  are perpendicular . 

        ▪ OBS )(  ; then the image by S  of )(BK  is 

           the perpendicular to )(BK  passing through O  

           which is the straight line )( .  

 

        ▪ AOS )(  ; then the image by S  of )(  is the perpendicular to )(  passing through O    

which is the straight line )(AH .  

 

        ▪ K  is the point of intersection of )(BK  and )( ; the image of K  by S  is the point of  

intersection of )( and )(AH  ;  that is HKS )( . 

    b) HKS )(  ;  then , 
2

);(


IHIK  . Therefore , as )(  varies , the circle )(  of diameter  

          ][HK  passes through the fixed point I . 

 

4- a) ▪ 'O and 'B  the symmetric of O  and B  with respect to I ;  then IOIO '  and IBIB '

. 

           OBS )(  ; then , IBIO  (   is the ratio of S ) and 
2

);(


IOIB  ;  therefore  

           '' IBIO   and 
2

)';'(


IOIB  . consequently ,  ')'( OBS  . 

         ▪ M  is the mid point of ][OB  ; then BMBO 2  and  OMh )(  . 

         ▪   AOSMhSMhS  )()()(  and   ')'()()( OBSIhSIhS  . 
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    b) AMhS )(  and ')( OIhS  . Therefore the image of the median )(IM  in triangle IOB   

is the straight line )'(AO . 

        But h  is a positive dilation , then hS  is a similitude of same angle 
2


 ; therefore the  

straight line )(IM and its image )'(AO  by S  are perpendicular . 

         finally ,  the median )(IM in triangle IOB is a height in triangle 'IAO . 

 

 

V-  1- a) )(P  : )1(42  xy . 

                The parameter of )(P  is 2p  , the vertex is )0;1(V  , the focus is )0;0(O  and the 

directrix  is the straight line )(d of equation 2x  .  

          b) )(  : 1x  

               Drawing )(P  and )( . 

     2-   );1
4

(
2

a
a

A    ;  );1(' aA  . 

         a) )(D is the perpendicular to )(VA  through 'A  ; 

            );
4

(
2

a
a

VA  is a normal vector to )(D . 

           )(D : 0)()1(
4

2

 ayax
a

 ; 04)3(  yxa . 

        As A  varies on )(P  ,  a  traces IR  

        and )(D  passes through the fixed point )0;3(L .  

  b) 
90ˆ VEL  where L  and V  are fixed . 

       therefore , as A  varies on )(P  , E  

       varies on the fixed circle of diameter ][LV  . 

 

 

 

  3- The radius of the circle of diameter ][AB  is ABr
2

1
  . 

a) The distance of I  from )(d is equal to )(
2

1
BDACIJ  . 
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     b) A  and B  are on the parabola )(P  then AOAC   and 

         BOBD   ; therefore , the distance from I  to )(d  is 

          rABBOAOIJ 
2

1
)(

2

1
 . 

          Hence , when A  varies on )(P , the circle of diameter 

          ][AB  remains tangent to )(d . 

 

   4- );1
4

(
2

a
a

A   and  );1
4

(
2

b
b

B   . 

      ▪ A , O  and B  are collinear ; therefore 0);det( OBOA . 

         This gives 0
44

22

 a
ab

b
ba

  ;  0))(1
4

(  ba
ab

 . 

          Therefore 01
4


ab

  and  4ab  

      ▪ The equation )1(42  xy  gives 4'2 yy . 

         The slope of the tangent at A  is 
a

y A

2
'    

         The slope of the normal at A  is 
2

a
  and that of the normal at B  is 

2

b
  

         1
422




















abba
 ; therefore these two lines are perpendicular and 

90ˆ BNA  . 

            Hence )(N . 
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