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  The grades are over 25       

 I- (2.5 points) Let  f  be a differentiable function defined on the interval [;0] I  such that  IRIf )(  and 

        for all a  and b  in I , )()()( bfafbaf  . 

       1- Prove that 0)1( f  . Deduce that, for all x  in I , )()
1

( xf
x

f  . 

       2- For all a  and b  in I , express )(
b

a
f  in  terms of )(af  and )(bf . 

       3- Suppose, in addition, that for all x  in [1;0] , 0)( xf  .  

           a) Prove that f is strictly increasing on I .  Justify that f  has an inverse function. 

           b) Prove that, for all a  and b  in IR , )()()( bgagbag   and express )( ag   in  terms of )(ag . 

 

      II- (3.5 points) We are given 3 urns U  , V  and W  containing each n  identical balls )4and(  nINn such that : 

          Four balls of the urn U  are red and the others are white; one ball of the urn V  is red and the others are white;   

           two balls of the urn W  are red and the others are white  . 

             The game consists in rolling a perfect die , then  

                If the die shows  4 , the player draws a ball at random from U . 

                If the die shows an even number different than 4  , the player draws a ball at random from V . 

                If the die shows an odd number, the player draws a ball at random from W .         

             Consider the events  :   A  :  " the die shows  4 " ;          B  :  " the die shows an even number other than 4 " . 

                                                   C  :  " the die shows an odd number "     and      R  :  " the drawn ball is red ". 

        1- a) Calculate the conditional probabilities  )/( ARp , )/( BRp  and )/( CRp  in terms of n  .  

            b) Prove that nRp /2)(   and that the events C  and R  are independent. 

       2- a) Calculate the probability that the die shows the number  4  knowing that the drawn ball is red . 

           b) Calculate the probability that the die shows an odd number knowing that the drawn ball is white. 

       3- a) Determine n  so that 4.0)( Rp  . 

           b) Determine n  so that the probability the drawn ball is white is double the probability that the drawn ball is red. 

       4- Suppose that 6n   .  The game is repeated 10  times by replacing, each time, the drawn ball in the urn.   

               Calculate the probability of the event  " at least one of the 10  drawn balls is red  " .   

 

III-   (5.5 points) Consider a direct triangle ABC  . Let I  be the point such that IBA  is direct and right    isosceles at I  

           1- Let R be the rotation of center I that transforms  A  into B . 

               a) Determine the angle of R . 

               b) Construct the image D  of C  by R  and  

                   determine the principal measure of   );( BDAC . 

           2- a) Construct the center J of the rotation 'R  of  

                    angle 
2


 that transforms A  into D  . 

               b) Prove that BCR )(' . 

A

B

C

I
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           3- Let M be the midpoint of ][AC  and N  that of ][BD . Prove that IMJN  is a square. 

          4- Let P and Q  be the points such that IAPB  and ICQD are two indirect squares. 

               a) Determine the ratio and the angle of the similitude S  of center I  that transforms A  into P . 

               b) Determine )(CS  and )(MS  . What can be deduced for the point J ?  

          5- Suppose in this part that the plane is referred to a direct orthonormal system ),;( vuO and  

               that the affixes of A , B , C  are izA  2   ,  izB 21   ,  izC 36  . 

               a) Determine the complex relation of the rotation R  and deduce the affix of its center I . 

               b) Determine the affix of D .  

               c) Determine the complex relation of the similitude S  . 

               d) Determine the affix of each of the points J , P and Q  and verify that J is the midpoint of ][PQ . 

 

IV- (5.5 points) The plane is referred to a direct orthonormal system  ),;( jiO . 

    A- Consider the point )2cos2;cos4( M ,  where    is a real number . 

         Prove that , as   varies , the set of  M  is a  part  of a parabola to be determined . 

   B- Let )(P  be the parabola of equation )2(42  yx . 

        1- Determine the focus F and the directrix )(d of )(P .  Draw )(P . 

        2- Consider the points A  and B  of )(P  with abscissas   and   respectively . 

          Let )( 1d be the tangent to )(P  at A  and )( 2d be the tangent to )(P  at B . 

          a) Determine an equation of each of the straight lines )( 1d  and )( 2d . 

          b) Prove that )( 1d  and )( 2d  intersect at the point 






 

4

8
;

2


T  .  

        3- Prove that if )( 1d  and )( 2d  are perpendicular then T  belongs to the directrix )(d of )(P  and  

            )(AB  passes through the focus F  of )(P . 

        4- Suppose that )( 1d  and )( 2d  are not perpendicular and let   be a measure of their acute angle. 

            Prove only one of the two relations:  

)4)(4(

4
cos

22 







    or    











4
2tan .   

       5- a) Prove that , if   and   vary such that 
45 , then     128124

22
   . 

                Deduce that  T  varies on a hyperbola )(H  whose equation is to be determined. 

           b) Prove that the focus F and the directrix )(d of )(P  are also a focus and a directrix of )(H . 

  V- (8 points   A-  Consider the function f  defined on [;0[   by 0)0( f  and xxnxxnxxf 22)()( 2     for 0x .  

   Let )(C  be the representative curve of f  in an orthonormal system ),;( jiO . 

   1- a) Prove that f  is continuous at 0 . 

       b) Calculate 
x

xf

x

)(
lim

0 
 . Deduce the tangent to )(C  at the point )0;0(O .  

   2- Set up the table of variations of f . 
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   3- Determine an equation of the tangent )(d to )(C  at the point E  of abscissa  e  . Draw  )(C  and )(d . 

   4- a) Prove that f  admits an inverse function 
1f  whose domain of definition is to be determined . 

       b) Draw the representative curve )'(C of 
1f  in the same system as )(C  . 

       c) Prove that )'(C  is tangent to xx '  and to )(C  at two points to be determined. 

   5- a) Determine the point of inflection of )'(C  .  

       b) Determine the point L  of )'(C  where the tangent to )'(C  is parallel to )(d . 

       c) Determine the coordinates of L  in the direct orthonormal system ),;( vuO  such that  

                              1u  and  
45);( ui .                   

  B- Consider the integral 
e

p

n
n dxnxxI )(   where INn  and [;0] ep .  Let n

p
n IJ




0
lim  .                 

         1- a) Using integration by parts , prove that , for all n  in IN ,  n
n

n InpnpeI )1()(
2

1 122
1  
   . 

             b) Calculate 0I  . Deduce 1I  and 2I  , then calculate 0J , 1J  and 2J  . 

         2- a) Express the integral  
e

p

dxxfJ )(  in terms of 0I  , 1I  and 2I  then calculate J
p 0
lim . 

            b) Calculate the area of the domain bounded by )(C , xx '  , yy '  and the line of equation ex  . 

            c) Calculate the area S  of the closed domain bounded by )(C  and )'(C . Verify that S  is half the  

                area of the square of diagonal ][OE  where );( eeE  . 
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                                                                               Solution of MATHEMATICS 

 

          Exercise 1  
 

1- )1(2)1()1()11()1( fffff   . Therefore 0)1( f . 

     For all x  in I , 0)1()
1

()()
1

(  f
x

xfxf
x

f . Therefore )()
1

( xf
x

f   

2- For all a  and b  in I , )()()
1

()()
1

()( bfaf
b

faf
b

af
b

a
f   . 

3- a) For all a  and b  in I ,  If ba   then [1;0]
b

a
 and  0)( 

b

a
f  .  

        Consequently , 0)()(  bfaf  and )()( bfaf  . Therefore, f is strictly increasing on I . 

      

   Inverse function  

          f is continuous on I since f  is differentiable on I . 

          f is strictly increasing on I .  

         Therefore , f  has an inverse function g  defined on IRIf )(  . 

    b) For all a  and b  in IR , Iag )(  and Ibg )( .  

        Therefore ,       babgfagfbgagf  )()()()( . 

        Consequently , )()()()( 1 bagbafbgag   . 

        For all a  in IR ,  )()()()0( agagaagg   where 1)0( g  since 0)1( f . 

        Finally , 1)()(  agag  and 
)(

1
)(

ag
ag   . 

 

     Exercise 2 

           

         1- a)  If A  is realized then the ball is drawn from the urn U  that contains n  balls of which 4 are red ; 

                  therefore , 
n

ARp
4

)/(  . 

                  If B  is realized then the ball is drawn from the urn V  that contains n  balls of which 1 is red ; 

                  therefore , 
n

BRp
1

)/(  . 

                  If C  is realized then the ball is drawn from the urn W  that contains n  balls of which 2 are red ; 

                  therefore , 
n

CRp
2

)/(  . 

                  b) )/()()/()()/()()( CRpCpBRpBpARpApRp   . 
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nnnn

22

2

11

3

14

6

1
 .     

                      
n

CRpRp
2

)/()(   ; therefore the events C  and R  are independen 

             2- a)
3

124

6

1

)(

)/()(

)(

)(
)/( 







nnRp

ARpAp

Rp

RAp
RAp . 

                  b) 
2

1

)2(2

22
1

2

2

1

2

1

)(1

)()(

)(1

)(
)/()/( 


































n

n

nnRp

RCpCp

Rp

RCp
RCpWCp  . 

   

   Or  The events C  and R  are independent then , the events C  and R  are independent . 

          Therefore  
2

1
)()/()/(  CpRCpWCp  . 

           3- a) 4.0)( Rp  ;  4.0
2


n
  ;  5n  . Therefore 4n   ( since INn  and 4n  ) 

               b) )(2)( RpRp   ; 
3

1
)( Rp   ;  6n  . 

           4- When 6n  , 
3

1
)( Rp  and 

3

2
)( Rp . 

                The two events  " at least one of the 10 drawn balls is red  "  and   " the 10 drawn balls are white  "   

                are opposite .    The required probability is 

10

3

2
1 








p . 

                

 Exercise 3 

 

          1- Let R  be the rotation of center I  that transforms A  into B .  

              a) BAR )(  and )2(
2

);( 


IBIA  . Therefore the angle of R  is  
2


 . 

              b) Construction of D  such that IDIC   and )2(
2

);( 


IDIC . 

                  BAR )(  and DCR )(  ;  therefore )2(
2

);( 


BDAC  . 

          2- Let 'R  be the rotation of angle 
2


 that transforms A  into D  . 

              a) The center J of 'R  is such that JDJA  and )2(
2

);( 


JDJA   . 

              b) )2(
2

);();( 


 BDACDBAC  ,  DBAC   and DAR )('  . Therefore BCR )(' . 
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  3- Let M  the mid point of ][AC  and N  that of ][BD .  

              ][)][(')][( BDACRACR   ; therefore NMRMR  )(')(  . 

              Consequently , the triangles IMN  and JMN  are right and isosceles having the same hypotenuse 

               ][MN  . Therefore IMJN  is a square .   

  

 

     

 

 

 

 

 

 

 

 

 

 

                                                                                                                                                                                                              

        

 

 

 

 

 

 

 

 

 

 

 

 

          4-a)  IAPB  is an indirect square . Therefore IAIP 2  and  )2(
4

);( 


IPIA  . 

                  Then )
4

;2;(


 ISimS  . 

              b) ICQD  is an indirect square . Therefore ICIQ 2  and  )2(
4

);( 


IQIC  . 

                  Therefore QCS )(  . 

                   IMJN  is an indirect square . Therefore IMIJ 2  and  )2(
4

);( 


IJIM  . 

A

B

C

I

D

J

M

N

P

Q
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                  Therefore JMS )(  . 

                  PAS )(  ,  QCS )(  ,  JMS )(  and  M  the mid point of ][AC  . 

                  Therefore J  is the mid point of ][PQ . 

          5- The plane is referred to a direct orthonormal system (O ; u , v ) such that izA  2  , izB 21    

               and izC 36  . 

               a) The complex relation of the rotation R of angle 
2


  is bziz '  such that bziz AB  .  

                  Hence 2b  and 2'  ziz . 

                  The affix of its center I of  R  is i
i

z I 


 1
1

2
. 

             

              b) DCR )(  ; therefore iziz CD 612   

              c) The complex relation of the similitude )
4

;2;(


IS  is I

ii

zezez )21(2' 44




  

                  )1()1(' iiziz   ;   iziz  1)1('  .              

              d) JMS )( , then iziz MJ  1)1(  where izzz CAM 24)(
2

1
 ; therefore iz J 53 . 

                   PAS )( , then iiziz AP 221)1(   . 

                   QCS )( , then iiziz CQ 841)1(   . 

                    )(
2

1
QPJ zzz   . Therefore J  is the midpoint of ][PQ . 

 

          Exercise 4 
 

A- )2cos2;cos4( M ,  where    is a real number . 

  2cos4)1cos2(22cos2 22    ;  then , as   varies , the point M  varies on the parabola 

   of equation 2
4

1 2  xy  . 

   As   traces IR , the abscissa of M  traces the interval ]4;4[  . Therefore the set of M  is the part  

   of the parabola of equation 2
4

1 2  xy  that corresponds to ]4;4[x . 
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B- )(P  is the parabola of equation )2(42  yx . 

  1- The vertex of )(P  is )2;0(  ;  

      the focal axis is yy '  and the parameter is 2 . 

      Therefore  : 

      the focus of )(P  is )1;0( F  and  

      the directrix is 3:)( yd . 

      Drawing  )(P .   

   2- )2
4

1
;( 2 A  and )2

4

1
;( 2 B  .   

    )( 1d  is the tangent to )(P  at A  and )( 2d is the  

     tangent to )(P  at B . 

            a) The slopes of )( 1d  and )( 2d  are  

               respectively 
2


 and  

2


 . 

              2
42

:)(
2

1 


xyd    and      

             2
42

:)(
2

2 


xyd . 

            b) 22
21 )(2:)()(   xdd  ;  

2

 
x  . 

              )( 1d  and )( 2d  intersect at the point 






 

4

8
;

2


T  .  

    

  3- )( 1d  and )( 2d  are perpendicular if and only if 1
22




 ; that is 4 . 

           If 4 , then 3Ty   and  T  belongs to the directrix )(d of )(P  .    

        

          )1
4

;(
2




FA  and )1
4

;(
2




FB . 

          





 


























 )(

4
1

4
1

4
);(

22

FBFADet . 

           If 4 , then 0);( FBFADet  and )(AB passes through the focus F  of )(P  

 

 

 

 

(d )

F

O
x

y

-3
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      4- )( 1d  and )( 2d  are not perpendicular and   is a measure of their acute angle . 

             )2;(1 n  is a normal vector of )( 1d   and   )2;(2 n  is a normal vector of )( 2d ; then , 

 

                
)4)(4(

4.
cos

22
21

21














nn

nn
  . 

              The slopes of )( 1d  and )( 2d  are respectively 
2


 and  

2


 ;  then , 

               



















4

2

22
1

22tan   . 

      5- a) If   and   vary such that 
45 , then 

2

2
cos       ( or 1tan   ) . 

              Therefore , 161644 2222   . 

                  constant128144161441644124 222222
   .                                          

              The coordinates x  and y  of T  are such that x2   and 84  y  . Therefore , 

              If   and   vary such that 
45 , then     85

22  yx  . Hence T  varies on  

              the hyperbola )(H  of  equation   85 22
 xy . 

          b) The center of )(H  is the point )5;0(  ;  

              the focal axis of )(H  is the y-axis , 22 ba  and 42  ac  ; then : 

              a focus of )(H  is the point )5;0( c which and the focus F of )(P  , 

              the corresponding directrix is the straight line of equation  
c

a
y

2

5  ; 3y  which is  

              the directrix )(d of )(P . 

             

 

        Exercise 5 

 

        A- The function f  is defined on [;0[   by 0)0( f  and xxnxxnxxf 22)()( 2     for 0x .  

        1- a) 0)(limlim 2

00


 
xnxxnx

xx
  ; therefore , )0(0)(lim

0
fxf

x



 and f  is continuous at 0 . 

            b)   
 

22)(lim
)(

lim 2

00
xnxn

x

xf

xx
  . Therefore , the tangent to )(C  at )0;0(O  is yy ' .  

        2-   


xxnxnxxf
xx

2)2(lim)(lim    
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                        For 0x , 2)()(' xnxf   .  

 

 

 

        3-  eef )(  and 1)(' ef  ; xyd :)(  . 

 

             


2)2(lim
)(

lim xnxn
x

xf

xx
  .  

            )(C  has , at  , an asymptotic direction  parallel to yy '

.  

             Drawing )(C and )(d . 

                     

 

 

 

 

 

 

 

 

 

 

 

 

         

 

        

 

 

 

 

 

 4- a) f  is continuous and strictly increasing  ; it admits an inverse function 1f defined on 

                )[;0[( f which is [;0[  . 

     b) )'(C  is the symmetric of )(C with respect to the straight line )(d of equation xy  . 

     c) )(C  is tangent to yy '  at )0;0(O ; then , by symmetry with respect to )(d , )'(C  is tangent to   

          xx '  at )0;0(O  .  

          )(C is tangent to )(d at );( eeE  ; then )'(C  is tangent  to )(d at );( eeE .  

           )'(C and )(C  have the same tangent at E ; they are tangent at this point . 

        

x

f (x)

0 + 

0+f '(x)

+ 2

+

0

1

x

y

O

(C )

(C' )

(d )

e

e

E

F

L

I

J
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5- a) For 0x , 
x

xn
xf


2)("   .  

        )(" xf  changes sign at 1  . Therefore )(C admits the point )2;1(I  as a point of inflection . 

         By symmetry with respect to the straight line )(d , )'(C  admits the point )1;2(J  as a point  

          of inflection . 

    b) 1)(' xf  is equivalent to 1xn  or 1xn , that is ex   or 
e

x
1

 . 

         The tangent to )(C  at the point 








ee
F

5
;

1
 is parallel to )(d ; then , by symmetry with respect to    

        )(d , the tangent to )'(C  at the point 








ee
L

1
;

5
 is parallel to )(d . 

   

 

  Or             

                The tangent to )'(C  at the point of abscissa x  is parallel to )(d if and only if ex   and 

                  1)('1  xf ; But     1)(')(' 11   xffxf  ; therefore   1)(' 1  xff  ;  

                  

                  1)(1  xfn  or   1)(1  xfn    ;  exf  )(1  or 
e

xf
1

)(1     ;   

                eefx  )(  or 
ee

fx
5

)
1

(   . 

                Finally the tangent to )'(C  at the point 








ee
L

1
;

5
 is parallel to )(d . 

      c) The coordinates of L  in the orthonormal  system ),;( vuO  are x  and y  such that   

          
eee

x
23

4
sin

1

4
cos

5








 








 



    and  

eee
y

22

4
cos

1

4
sin

5 








 








 



 . 

   Or   

         The distance from L  to )(d  is 
e

LH
22

  ;   

          therefore 
e

y
22

 . 

           
e

LHOLOHx
2322   . 

            

 

.          

H

L

XY

x

y

1O
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     B-  
e

p

n
n dxnxxI )(   where n  is a natural number and p is a real number belonging to [;0] e . 

          1- a) Let 1)(  nnxU   and xV '  then , nnx
x

n
U )(

1
' 


  and  

2

2x
V   . 

                                  Using integration by parts ,                                                             

                                   n
n

e

p

n

e

p

n
n Inpnpedxnxx

n
nx

x
I )1()(

2

1
)(

2

1
)(

2

1221
2

1 










 

   . 

                

              b) )(
2

1

2

1 222
0 pexxdxI

e

p

e

p









  . 

                   For 0n  ,   pnppeIpnpeI  222
0

22
1

2

1
)(

4

1

2

1
  ;    

                    for 1n  ,   pnppnppeIpnpeI  22222
1

222
2

2

1
)(

2

1
)(

4

1
2)(

2

1
  .     

                      
222

0
0

0
0

2

1
)(

2

1
limlim epeIJ

pp


 
. 

                      
2

1
0

1
4

1
lim eIJ

p



    . 

                      
2

2
0

2
4

1
lim eIJ

p



. 

          2- a) 012 22)( IIIdxxfJ

e

p

    ;    2
012

0 4

3
22lim eJJJJ

p




 

              b) The area of the domain bounded by )(C , xx '  , yy '  and the straight line of equation ex   

                    is JA
p 


0

lim units of area   ;  2

4

3
eA  units of area . 

              c) By symmetry with respect to the straight line )(d , 12 SS   where 1S  is the area of the domain  

                  bounded by )(C , )(d , yy '  and the straight line of equation ex  . 

                  ][2 1AAS   where 1A  is the area of the triangle OEF ; 2
1

2

1
eA   units of area  .  

                  Therefore 222

2

1

2

1

4

3
2 eeeS 








  units of area 

2

1
  area of the square of diagonal ][OE . 

 


